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MyiC^ S the Laws of Chance hofve been 
A Q treated of by fever al of the moft emi- 
)J()0(^ «^/ Mathematicians rf the prefent age^ 
it may perhaps be deemed either impertinent or 
needkfs to offer any thing more upon the fame fub^ 
jeB. But as my chief defign was rather to ren* 
der the following Jheets ufefid^ by elucidating 
what has been 4one by others^ than by any addi- 
(ions of my owny yet notwitbjlanding which Iflat-- 
^ ter myfelfthat the Reader will meet with feveral 
"^ things therein contained^ not to be found in other 
'^ authors who have wrote upon this fuJ^eEi^ I hope 
t I may in Jbme meafure jland excufed for their 
/; publication. Of the very few books that have 
been publijhed upon this fubjeSi in the Englifti 
language^ Mr Abraham Demoivre i Doftrine 
of Chances is generally received asthebejl-, but 
as there are feveral very curious general folutions 
in that treatife^ that are rather too abjirufe to be 
readily underjlood by thofe who are not far ad- 
vanced in the knowledge of the Mathematics^ and 
ayb fome other -effential parts^ fuch as thefumma^ 
tion offeriesy finding fluents^ ^z. whofe invefii- 
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• 'fbe PREFACE, 

gatims are emitted by that learned author. I 
ha\je in the enftdng pages endeavoured to obviate 
tho^ dijiculties^ by confiantly obferving to mate 
the Jblutions offome eafy cafes vf a problem^ fre^ 
ceed the general folution^ and by giving the in-- 
ve/Hgations of Jucb theorems and lemmas as are 
made uje of in ord& to facilitate the underfland^ 
ing of this work. How far I have fucceeded in 
this attempt i I leave to the determination of the 
Reader y who I hope will eafify be inclined to par^ 
don any inaccuracies as to tbejlyle and manner in. 
which I have wrote^ ejpecially when laffkre him 
that I have honejily done my befl endeavours to 
render what is here publifhed as eafy to be under -^ 
floodj as the nature of the ftdyeB would admit. 

. E R R A T A[onn^^^ 
Page 26, line 10, for V^> ^^^ °v/^« 

p. 37, 1. 13,^ three games, read ont game* 
p. SS> *• ^ ^^^^ *^ bottom, for ^^, r. ^^. 
p. 56, I I, for ~, read^^* 
T. 58, 1. 17^ ^roxdkhtmuiii^licdhy^^ 
T. loiyl 4^ for 2, 2y4^y read\,\,^\. 
P. 103, Kio,y(^axH-^% read\:Y.a^i^. 
P. 107, 1. 7> >• + 7> read ^^ J. 
P. 149, !• 4, for a-A^b^, read W>1^ 
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Tilt . 

Laws of Chancci 

The INTRODUCTION. 

A R T I C L E I. 

F^GJ0J3 H E probability of Sn eVent hap- 
QitriS pening is to the probability of its 
failjingj as the niimber of diffe- 
rent ways by which it can hap-- 
pdiy to the huxhb&r of diflFerent Ways by 
which it C2til fail Thus if Ihave 4 Chances 
for winning i o poiutid^, and 4 chancics where- 
by I may not win any thing, my expeda-^ 
tlon will in this cafe be worth 5 pounds^ it 
being an equal chance whether I get 10 
pounds or nodiing ; and confequently, if a 
fjerfon was to purchafe my expectation, he 
6ught to give me 5 pounds for it. Again, 
fuppofe a perfon holds a certain fum of mo- 
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ney in each hand, and I am to cfanlfc whicir 
hand Iwill^ I fay the value of my cKpe£bi^ 
tion is in tlus cafe half the fum of moMf 
held in both hands : for fnppofe 5 pounds in 
one hand and 7 in tiie other, then it is evi- 
dent I have an equal chance for either 5 
pounds or 7, wherefore my expe^tion is 
evidently worth 6 pounif.) If I bkv9 1 chan- 
ces to gain 10 pounds a»l 3 chances to fail 
thereof, then the vahie of my expeftation 
will arife by dividing 10 pounds into twa 
parts in the ratio of 5 to 3, and taking the 
greatefl: part, viz. 6L 5s. which is the value 
required. If a, r, r, g^ jtf e the chances which 
I hav^ for the fums t^ d,f^ k^ refpe£lively» 
then the value of my expe^i^ will be exr 

Pi^^d by ^=^^, for ^ («=«4<4^^) 

is my expeftatkm iq)oa the fum ^, -^ my 
cxpc£lation upon thie Hun ^ and £> on up^ 
<ttx the reft of the Auns, wh^^e my total ex^ 

pe£Vadon will be *r^y^^-vte . car reftoring th^ 

A R T 1 C L E II. 

BUT if we confider the ratio of the 
probatHlity of an evejtf happeping^ to thai 



Tke ZiaHtfs tf Cbanci. 3 

of tt< iaUing, abftra6led from the value of 
the fum to be won or. loft thereby, then 
ibch probability may be exjMrdSed by a frac* 
tion whofe numerator confifts of the chances 
for its happening, and denominator of the 
chances whereby it may both happen and 
]&U, thus, if an event has 3 chances to hap- 
pen and 2 to fail, the fraftion f , will re- 
prefent the probability of its happening, and 
that fraaion whofe numerator confifts of the 
diances whereby it may fail, and denomina- 
tor of the chances whereby it may both hap- 
pen and fail, will reprefent the probability 
of the event failing, ^at is f , in the cafe 
propofed. 

A K T I c ]. £ III* 

THE fractions which reprefent the pro- 
babilities of happening and failing being 
ddded together will always make i or unity, 
as t^ probabilities f -ff =^* 

A R r I c L B IVt 

TH]p) expedation upon any propofed 
fum, is eftimated by the produfl of that 
jlim by the probability of obtaining it. 

A R T I c &. X V. 
EVENTS are faid to be independent 
when they ht^ no connexjo^i with one ano-* 
B ft ther. 
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ther, and that the happening or fouling of 
£ome of them does not afFedt the happening 
or failing, of the others. 

Article VI. 

THOSE events arc faid to be depen-^ 
dent when the probability of any of thtm 
happening or failing, £^e6tsthe probabilities 
of the remaining ones. 

Article VII. 

THE probalnlity of two events (indc^ 
pendent of each other) happening, is equal 
to the produdt of. the probabilities whereby 
thofe events may happen fingly. Suppofe 
with a common die of fix faces I undertake 
to throw the ace twice fucceffively, and in 
cafe I fuccced to receive a certain fum S, ima* 
gine I have already thrown the ace onpe, 
then I have one chance for the fum S and 5 
for nothing, whence the value of my expec- 
tation after having thrown the ace once is 
^xS (Jrt. I.) But before I be^ to throw 
I have- one chance for |xS and 5 for no- 
thing, whence ix^xS is (Art. J.J the value 
of my expedation uppn the fum S^ and con- 
fequently ixi is the probability' of obtaining 
the fum S. By the fam[9 waytof reafoning, 

the 
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the probability of throwing three aces fuc- 
cefflvely with a' fingle die is found to be 

Corollary. 
Since the probability of happening of two 
or three events may be confidcred as com- 
pounded of the rcfpcftive probabilities of 
Aeir happening feparately, it follows that 
the p-obability of the happening of any num- 
ber of events, i. e. that they (hall all happen, 
is equal to theproduft of the probabilities of 
thofe events happening confidered fingly. If 
inftead of throwing an ace three times fuc- 
ceffivcly with a fingle die as in the example 
above, it had been required to throw three 
aces in one throw with three dice, the pro- 
bability would have been exaflly the fame : 
and here let it be obferved that in many other 
cafes where one event is or may be confider- 
ed as compounded of feveral others more 
fimple, Ivhich are ^11 decided at the fame 
timcy as in throwing of dice, &c. it will faci- 
litate the reafoning very much to fuppofe 
them determined one by one in a fuccefllve 
order. 

Article VIII. 

THE probability of the happening of> 

pifo events (dependent on each other) is equal 

B 3 tQ 
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to the produdof the probability of <iie hap^ 
pening of one of them, by thi probabi&y' 
which the other will hivt of happening when 
the firft fhall have been conlidered as having 
happened. Suppole that out of one finglc 
heap 0/13 cards of one colour, it ihould he 
required to take oUt the ace in the firft t^ce» 
iand then the duce, and that it were requirecl 
to aflign the probability of dbing it^ Ifoa^ 
gine that I am in cafe I fucceed to recei^ 
the fum S, and fuppofe that I have already 
taken out the ace and were to draw the ^- 
cond time^ it is evident that there are la 
cards left, out of which thei:e are 11 againft 
me and but i for me, therefore roy expeda-* 
tion is in this cafe ^x^ (Jrt, IV. } therefore 
before I begin to draw I have one chance for 
ttxS, and 12 chances for nothmg, whence 
my expeftation is truly expreffed by tf^tV 
xS, and tVxtt is the r^iiired probability. 
From hence it may be inferred that the pro- 
bability of th^ happening of two events de^ 
pendent, is equal to the produftof the pro- 
bability of one of them happening by the 
probability of the other happening, wheii 
the firft fhall have been confidered as having 
happened, and the fame fule will extend to' 

th^ 
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|iM h«^ppft)iAg of any given number of af^ 
^Egnodi events* 

We h*ye ftetl bcfort how to detefmine the 
probfltA% df tke happening or filling of a< 
imniy Ments Indc^ndeiil as may \yt alTigned^ 
we have lijce Wilb ieeti in this M attKle how 
to deeeriiiine the prol^UHlity of the happen^ 
hqt of al 9anjr •evetlls d^endent as may be 
^igtied^ But to determine the probability 
Ihatof given events 'a^ndent, fome of them 
QtiiX\htpp€tk an4 at the iame time, the proip 
SMibiUty of Siting of ibmc others, being a 
matter of fy^ d^enlty, wiU be ihewn far- 
thet^ Oft* 

Article |X« 

IF I have ibveral expe^ations upon ftm^ 
lal iltms, it is very plain that my expe6^atioii 
upon the whole is the fum of the expefla^ 
tions I have upon the particulars. Thusr 
£ippde there are two events, fuch that the 
fiHt has 3 chances to happen and z to fail, 
the fecond event has 4 chances to happen and 
5 to fail, and that I be to receive the fum 
6f 40 pounds in cafe the firft fucceeds, and 
to a like fum of 40 pounds in cai^ the fe- 
cond fucceeds alfo. The value of my expec- 
^tion is required. In the firft caie I have 3 
B 4 chances^ 
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chances for 40^ pounds a[nd 2 chance$ fee 
nothing, my expeftation in this circumftanc^ 
is (Jrt. I.) worth f X40, and upon the fe- 
cond event I have 4 ch^ijpcs fpt 49 pounds 
and 5 chances for nothing, my expedhMkn 
in this cafe is worth f X4P (jtrt. I.) andean- 
fequcntly piy. tot4 expefUtion is worth 
^x49-|-t^4o or 41^ ppunds- But on the 
other hand if I am to feceiyp 4p pounds in 
cafe that one or other of th^ two aforei^d 
eyents fhall happen, then titie (nethod of Cb^ 
lution wiU be fomewhat different, becaufq 
under this cqnfideration my qxp^ation on 
the fecond event wiU ceafe upon the t^appen- 
ing of the firft, and that therefore this ex- 
peftation takes' place only in cafe the firft 
doth chance to fail Now if the firft Has 
failed then I have 4 chances for 40 pounds 
and 5 chances for nothing, whence the value 
of niy expectation is JX40, \fherefore before 
either event is determined' my expeftatioii 

will be worth -3^+^—^ or | of 40 pounds, 
that is 3 ly pounds. The fame might have 
been deterrhinedotherwife, thus. The pro- 
bability of the firft event failing is J- (Art.ll.J. 
and that of the fecond happening ^, whenqe 
the probability that the firft (hall fail and the 
^ /' ' ' ' ' Tecond 
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fexjndhappenisfxf ^-4rf.VIIJ But if the 
^rft fhould h^ippen, of whiphtjiii; probab}%^ 
)s f> I am intitk^ to theTum depe^idingi 
therefore my total probability is f >5|+l' of i; 
9nd piy total Qcpe£tation ^X40 pounds, pr 
31- Y-^'- ^-^l i^9 %^ ^ before dcter- 
Uiined. 

In order to. make ^e preceediQg Articles 
familiar it may not be amiis to apply them 
to the folution of fome eafy Problems, fuch 
as are the foiiowip^. 

P R p B L E M I. 

To find the probability of throwing an 
|ce In on^ throw/witb two common dice. , . 

Solution. 

Imagine the ace excluded from each die^* 
<8en there will be but five faces upon each 
diCi and confequently all the different wavs^ 
that they can come up, viz. 25^ will be the 
chances for miffing an ace, which fubtrafied 
from 3 6, all the chances upon two dice, leay es 
11,.^ nuiohcr of chiMices tor throwng an^ 
ace in one throw and the probability f |^.. If. 
we fuppofe the dice to be thrown fingly the 
problem may be folyed thus. If I throw an 
Jtce the firfl throw of which the probability 
"^^ " ' " is 



is|Ivi4a, «fidconA(}ueAtiy haw iu> oee»* 
Son to throw Again. But if t xtak the ac» 
the Mt throw, of whidi the probability is f, 
ImtifttowiirtiirowitHi4ieieeond; wheit^ 
^n« the pob j^^fity tti milling it the fiift liatiw 
and throwing it the l^ond being ^xi (^i4!r/. 
yi.j it follows that ixi-j-|^ or f^ is the to- 
tal probability, lile fame as before. 

Cordiary. 
' Hence it is ev^nt that let the number of 
<ilce be what they will, the diances for mif- 
fing an ace- each throw with thofij dice, wM 
be exprefled by the number of cUfferent ways 
that the faid dice, 'each having one face lefs 
than before, can come up} that is, if » t^ the 
number of dice to be thrown, f the feces 
upon. each, then the pro&bility of miffing 

an ace each throw wiU ^^77- ^^ that i(F 

AiXJWng it t^f^(Art,ta^)ox{^^^^^^, 

PROBLEM IL 
To find Uv^probdbUi^ ^ ^Axcommg one 
nee and not more, in one dirow with 4 

So L IT T I o N* 

Conceive each ace upon any three of the. 
^ce-eaepuogedr then the thiow will be msdft 

with 
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wUb 4 dice, tltfee of them having no ace, 
wi the other 4ie one* Now wi& (125 liie 
cube of 5) all the wap that the three dice fi>^ 
x:edaced can come up, the ace of thp other 
may be combined, bat as the ace of any other 
die. might have been retained, it foHows that 
the nomber of &ik muhipiied by 125, giver 
the number of chances for throwing one aos 
precifely, vi%. 500, whence the probability 
is -TT^v^ Or it may be found thus, The pro- 
bability of thi^Qwiog an ace the firft throw, 
and miffing it three times iucceffivdy after-- 
tvardi with acoQimondi^ is ixixixi (Qh 
rol Aru VII. j But becaufe the prob^ility 
wiU be exaj6lly the fame for throwing an ace 
the fecond, thirds or fourth time and miffing 
it the others, it follows that the required 
pilpbability wijl be 4xixixi x i=z^i^ the 
{^ as before. 

If th^ number of chances for throwing 
one ace predfeiy, viz. 500, be iubtra£l;ed 
from 12^6, all the chances upon 4 dice, the 
remainder 796, will be thole for not throw- 
ing one ace preclfejyi and are atfo ijjide for 
throwiag;^ ^her no ace, or t won^ leaft, whence 
if it were required to &id the ^obability o£ 
(;hrowmg two aces at teaft iii<HPie throw withv 

4diccg 
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4 dice, we need only fiibtrad the chances fof 
Biifiing one ace, viz. 625 from 796, and We 
bave 171 for the reqiured chances, ^^ the 
probaUUty. 



,( 



. ' PROBLEM Jl\. 

^ To find the probability of throwing two. 
aces prccifcly, in one throw with 4 common 
dice. "^^ ' , 

_ Solution., 

/Let us fuppofe the aces on a- dice taken 
away, and on the other 2 only the aces left, • 
then in each throw we fhall be certain to^' 
have 2 aces come up. Now the 2 dice with- ^ 
out aces may come up 25 ways, with each^ 
c^ which the 2 aces muft oome up alfo. But^^ 
as we were at liberty to reduce any other 2 
dice, it follows that as many different pairs* 
as can be taken in 4, that is 6, )uft fo ofteti^ 
muft 25, the chances upon the dice without 
aces, be repeated to ^ve thofe required, equal 
to 150, whence the required probability is' 

It is ^dent that i296-»i5o, leaves ti^ 
chances for miffing two aces predfdy, that ' 
is 1 146, thefc contain thofe for throwing 
cither no ace, one, or three at leaft, whence 

^: ^' . " t9 
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to find the chances for throwing three aces 
at leaft, in one throw with 4 common dice, 
we muft from 1 146 fubtraft the fam of rfifc 
chances for miffing all the aces, and throw- 
ing one predfdy, that is 1125, wherefore 
the chances required are 21, itiyA the pro- 
bability rf^, 

PROBLEM IV. . 

Let there be ai heap of 16 counters, hereof 
6 are red and 10 black ones, what is the 
probability that in drawing two of diem 
blindfold, they fhall be both red ones. 

Solution. 

Suppofe fhem taken one by one. If the 
firfl drawn fhould be a red one, of which 
the probability is ^, the probability upon 
the fecond will be 7^7, and that of both thefe 
events happening AXt^ (^f. VlLJ or ^, 
the probability fought. 
* If the agreement be fuch, that either the 
iirfl or fecond counter drawn happening to 
be red, the drawer fhould be intitled to a 
certain fum S, his expcftation may be found 
thus. If the firfl drawn counter is a red one^ 
his expedlation upon the fecond will entirely 
"! vahifh, bccauf^ drawing one red counter in- 
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iures to him theiMropc^ fuoa, butif aUack 
one fbouldbe drawn ficft, of which the pro* 
babkity is \%t his ocpe^tatioivupon the icN- 
cond drawing will be -~j'n.% vt^ettce lus to- 
tal: expectation is iV-f I^><-^>«S or ixS, 
The probalulity of Succeeding may be deter* 
ihined with more facility by finding the pio- 
bability of drawing two black counters fuc- 
ceffively, -ai^ ftrbtrafting it from tuuty, the 
reela^ader being certainly the proisfll^ky of 
fdrawkig ddier both red counters kx one of 
each colour, bat which&evar of thefe ihadl 
happeuj the drawer ^^s. Now the proba* 
bility 6f drawing two black counters fuccel^ 
fively is frXi?,-, Which fubtra6ted from uni^ 
leaves \\, or ^, this multiplkd \ff S, gives 
the value of the drawer's expectation, th9 
, iame as before. 

P R O B L E M V. 

Let there be a lottery coi^flang of loo 
tickets, wherdn there are four prizes ; tofind 
the probability that in the three firft tickets 
that are drawn, there ihall be one prize at 
ieall. 

S O L U T 1 O.N. 

Her^ it is evident that if we find- the pro* 
liabUity of the three firfl: drawn tickets being 

all 



•U bl«nk$y aad fiibtraft it from umty, H^^ 

ooepdaei^lMft* TheprobabUkyof drtw^ 
ing a blank the firfttiraeis 7^. If a blank 
ihould be fo drawn, there then remain^ 95 
blanks, and the probability of drawing t&e 
next ticket a Uank is ff , that of the tiiird 
tidcet bdi^ a blank f fr whence T^xfjx^, 
b (^Gr. j^. Vil J the probability of the three 
firft drawn tickets beii^ blanks, and there** 
fore I— i^xffxff or ^^ is the required 
probability, or that of taking one or more 
prizes in the three firft drawn tickets. 

Corollary. 
' i&nce it appears, that in many ca(b it wid 
be muck more conTement to inveftigate the 
prdbabUity of the contrary to what is requir* 
ed in the problem to happen, rather than the 
pfobabflity of what is ipecified therein. 

PROBLEM VI. 
A perfoB with a iiagle die undertakes to 
throw the ace twice, before either the duce 
or tray once ; required the proportion of tlnf 
odds againft him ? 

Solution. 
There being two chances againft him, 
%ic^ duoe and tray, c«dy one h^ bim^ tbt 
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ace, his probability of bringing up the acl 
at any fignificant throw will be fj^'and that 
of fucceeding twice fucceffively, will be jXji 
or ^^ hence the odds are as 8 to i; 

PROBLEM Vli. 

. Sup$>6fe an heap of 13 CBids of one co^ 
lour, and another heap 6f 13 cards of ano- 
ther colour; what is the prol^bility that iii 
taking one card at a venture frotti eadt heap; 
I ihall take the tviro aces? 

Solution* 

The probaHlity of taking the ace from 
the firft heap is ^. Now it bong vorypl^ 
that the taking or not takii^ the ace fiont 
the firft l)cap has no influence in the taking 
OF not taking the ace from the fecond, it fol-> 
lows tiberefore, that fuppofing that acetdcen 
out, the probability of taking the ace from the 
fecon4 heap will alfo be -^iHek two events' 
beirtg independent, the probability of tW 
both happejiifig will (Jrf, VII.; be -^x-^g 

Article X. 

L^x denote the probability of happening 
of 00c event, > that of a fecond, » ©f a thirds 

then 
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thch' it will follow that 1— ->r, i— ^> 1—2^,^ 
wiil rq)refent th? refpeftive probabilities of 
their failing. 

Let it be required to find the probability 
of the happening of them all, it Is plain that 
by what has been already demonflrated, the 
aiifwor will be xpcy x z. If it be reqwred to 
find the probability of their all failing, the 
ahfwer will be i— ^x i— jrxi — z. Let it 
be propofed to affign the probability of fome 
one of them, or more, happening. As this 
queftion is equivalent to this other. What is 
the probability of their not all failing, the an* 
fwei* will Hbe 1— H-}^ x T^y x TIS. Let it be 
demanded what is the probability of the hap- 
pening of the firft and fecond, and at the 
lame time of the failing of the third, the 
anfwer will be xxyxTZ^. And for the 
fame reafbn the probability of the happening 
of the fecond and third, and the failing of 
the fiHl, will htyzx f— 3?. And again, for 
the probability of the happening of the firfb 
and third, and the failing of the fecond, the 
anfwer will be xzxTZI}^ and the fum of 
thefe three probabilities, viz. xxyx T^^z -f- 
yzx i—x -^xzx TZTy will exprefs the pro- 
t)ability of the happening of any two o:^ them, 

bm (^ no more than two. 

C If 
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being drawn one by one, the probability oi 
taking A firft will be t, that of taking B next 
' ~:^, of C next ^^ &c. to /^/terms,/^; be- 
ing the number of letters or things to be ta- 
ken, whence (by GoroL Jrt. VII.^ ;i x ;;^^ x 
;;3^x;;^^, &c. (p) is the probability that the 
(p) letters (hall be drawn in the order affign- 
ed, viz. A feft, B fecond, C third, &c. 
Corollary II. 
If all the letters or things be to be drawn, 
then p:=^n^ and the expreffion becoines 



fore fince there is but one way for all the 
letters, or things reprefented by them, tQ 
come out in the required order, it follows, 
that the denominator of the above fradion 
contains ^11 the different ways that the faid 
(nj letters can be varied, and is commonly 
called the number of changes or permutations 
of the given quantities. 

PROBLEM IL 

Any number (n) of things, as A, B, C,.D, 

E, &c. being ^vcn, to find the probability 

that in taking ?ixsf number (p) of ihem ^s it 

happens, they Ihall be the (p) firft of the 

' fore-i 
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foregoing order, without any regard to 
order between the quantities drawn. 

Solution. 

Let the things be drawn one by one, then 
becaufe in the whole there are (p) afligned 
ones, the probability of drawing one of thofe 
will be -7, if one fhould be fo drawn, there 
remains «— I things. in ajl, of which /—i 
are of the afligned ones, the prpbability of 
drawing one of thofe next will therefore be 
i^, and that of both thefe events happen- 
ing -^xj^, fuppofe this has happened, 
there then remains n — 2 things in all, of 
which/— -2 are of the afligned ones, and 
CQnfequently the probability of taking one of 
t^ofq next will be ^, whence (by Corollary 
^/. VII.)-f x^xj5^, will be the pro- 
bability of fucceeding three times fucceflively, 
and* from hence the law of continuation is 
inanifeft, ^iz. -f x^xj^^xj5j, Sfc. (p) 
wherein it is Vifible, that let p be what it 
will, the numerator of the laft faflor will 
be I, therefore theexpreflion becomes — • 

«lSr;r;^/l> *« probabUity required, 
C 3 which 
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which taken from i leaves '^'^jS^a 

x,-=-3^ \.(P) '^^ Probabihty of not 

taking (p) affigned things, confequently the 
proportion between the nuoUsw <^ ways by 
which the event may ha{^en and £ul» is as 
1 X 2 X 3 X 4, ©"f . (>) to » X 'l^'io!^>CZ:kt 
^r. //; ^ I X 2 X 3 X 4> e?f . (p) Now a$ 
there is only one way by whiich the event 
can happen, thofe for its failing will be 

aXalTi XgHiXw-^^Qt) ^^, ^»X»— i Xo— 2X«— j^ 
iX2X3X4X;X6 ^z*; ».»«««» ,x2X3X4XjXi7/>> 

vkill denote the number of different ways by 
which ('wj things may be taken/, by/, and 
is commonly called the combinations of 
quantities. 

» Otkerwife. 
Suppofe as before the thmgs to be drawn 
flngly, and that I had already taken/ ^.i 
of the afligned ones, it is evident n — /-|> i, 
are thofe remaining of the whole number (n), 
and therein I have one chancp to win,, or t© 

obtain a certain fum S, and n / chanow 

for nothing, the value of my expeftation is 
in this cafe (by Jrt, I.) — ^. If I have 
proceeded right for only /».2 times of draw- 
ing, then the value of my expectation is (by 

Jrf. 
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j^. I.) ' . By the fame way 



-I X I 

of reafoningj^^ before I begin to draw, my ex- 
peaation wiU be worth 'X^ x ?-/x L ^ 

yAttTict tht mitxifeer of combinations of (h) 
tirnigs taken /, by)>, is equal to * 

1 K «y six 4 X 5 X 6 K 7,<s?c. . . (p) • 

How many different pairs or combinations 
of two, . can be made with four aces. Here 

ufing the firft theorem, we have -f x^'=s6, 
n beif^ 4 and /as 2, or by the fecond theo^r 

itm !:=d2.^£z£±f <~^, the fame as before. 
1X2 

PROBLEM III. 

Let there be a given number of things, 
whereof fome are feveral times repeated, for 
inftance, ^ , j, b^ b^ r, r, f , r, r ; what is the 
probability that by drawing thefe letters, or 
tlungs reprefented by them, one by one, un- 
til tiiey arc all exhaufted, they fhall come 
out in the very fafflfe order as they are here 
placed, that is, that aU the d^ fhall come 

C 4 SOLtl 
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Solution. 

There being nine letters in all, and two 
of thiici a'Sy the probability of the as com- 
ing out before any one of the other letters is 
jxiy that of drawing the ^'s next fxi-, 
wherefore the probalrility of drawing the as 
firft, and the ^'s next, is f xixfXTj or yj^. 
If this happens, there is no rieed of proceed- 
ing any farther, for the taking c's next is a 
certainty. . 

Corollary. 

If there be feveral forts of things mixed to-i 
gether, as p of the firft fort, q of the fecond, 
r of the third, s of the fourth, &c. and the 
number of tilings fo mixed be called «, the. 
probability of the faid forts coming out in 
the propofed order, will be equal to — — 

*.X n^^y X n — 2 ^.« — 3 ^ n — 4 X ^^^ X j,_5 X iZLj X 
(r)X\XiX^X/^,l^c.(s)' - . _ 

S=Sx^9,fef.. wherem the numerator 
confifts of as many parts as there are forts to 
be taken, and the denoroiiiator of as many 
faftors, as is denoted by the number of fac*^ 
tors in the whole numerator. 
l^ample, 
Let there be 20 counters of the lame &^pt 
and ,iizc, whereof three are marked each a, 

four 
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jbur marked each 6; and four eadi marked 
c, the remaining nme ^ch marked .^Z. Jt is 
required to fii^d the probability that drawing 
them one by one> all the as ihall come put 
firft, the Fs next, and the cs third. Here 
nis±20y /2=r3, 5^=4, r=4, whence the 
expreffion for the required probability is 

1X2x3x1x2X3X4x1x2x3x4. „^ . 
20X19X18X17X16X15X14X13X12X11X10 ^"^ *** 
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i PRO BLEM W. 

If A and B play together with fingle bowls^ 
and fuch be the iluU of A, that he knows 1)y 
experience he can j^ve B two games out of 
three j what is the proportion of their fkiU, 
or what are the odds that A tnay get any one 
game affigned. 

Solution. 

Since A can upon equality of chance give 
B two games out of three, it is evident A 
muft undertake to win three games before JB 
wins one. Let A's chances for winning any 
aftigned game be (a) thofe for the contrary 
(b)y then his probabUity of winning the firfl: 

game wiU be j4-^ (Jrt. L) and th^t of win- 
ning 
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miig Arec games JucoflkHely ^^ 

fCdr\ Art. VII.) But as thqr are fuppoferf 
tD play upon equal terms^ the laft deteriniiH 
cd probability muft be equal to i, (Jrt. Vi.} 

whence the equation ^T^ssi. Confequeat* 

\yi:a : r V?— i •^s/ i> or as 50 to •13 

nearly. 

Corollary. 
If A. undertakes to wn (n) times before 
B wins onee, yxpan equality df chtoce;, then 
A may juftly lay the t)ddsi of i to V^/zL^i^ 
that he wins any gam* afligned. 

PR OB LE M :V.: ^ 

A has two cfaance» to beat £i, and B has 

one chance to beat A, but there is dfte chance 
that intitles them both to withdraw their own 
ftake, fuppofe S i it is required to find the 
gain of A. 

Solution.* 

It is evident that A has two, chances to 
gain 2 S, one chance to obtain S, and one 
chance not to receive any thing, whence (by 
Art A.) ^ is the value of his expectation, 
from which fubixaffing his ft^e S, the re- 

mainder 
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vmnkt |f is Ins gain. Butjf liie favin^ 
c!m&i or thdt chance that hititles A to with-, 
dra^ his flake be excluded, then he has 2 
dhances for 2 S,. and i chance for nothmg, 
confequcntly his expectation is worth *^, 
from which fubtrad* his ftake S, there re^ 
mains 4« his gain. But to make the Iblu- 
tion more general, let A and B bf fixppo&d; 
to depofit the fum (s)^ and let (a) reprefent 
the chances A has to beat B, and (b) thofe 
which B has to4beat A» Suppofe alio there 
vt (m) chances commoa to both, that i$» 
ffHT A to take fi>cb a pm of ^ whekfum 
laid down^ as is expreflfed by -f , B to have 
the remainder. Now A has (a) chances for 
2 5 (b) chances for nothing, and (m) chances 
for -^x 2 J, whence (by Art. I.) the value of 

his cxpeftation is —^J^^'. which lefibned: 

by (s) his ftake leaves his gain JjlbZ.^xT^ ^ 
li we fuppofe no common chance, then A's 
gpin will be ^^ x s. If it were required to 
aiCgn the ratio of/ to r, fo Aat the gain of 
A ihall be ^e. fame in bodi cafes, then 

'"^V^i^^ ""1 •« •^"'l to ^ from 

i«dbich 
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which equation we get, by proper reduction, 

-^=^^, hence we may infer that if the 

parts of the whole fum dq>ofited, which A. 
and B are refpeftively to take up, upon the 
happiening of the laving chances (mj, are in 
tiie proportion of a to ^, then the common 
diance gives no advantage to A, above what 
h^would have had, if thofe chances had not 
exifted. 

. P R O B L E M VI. 

There are two parcels g( three cards, the 
firft containing king, queen and knave of 
hearts; the {econd parcel the lung, queen and 
knave of diamonds. Now fuppofe I am pro- 
mifed the fum S in cafe that in taking a card 
out of each parcel, I (hould take out either 
the king of hearts, or the king of diamonds, 
it is required to find the value of my expec- 
tation. 

Solution. 

Imagine I have drawn a card from one 
heap, and miffed taking out a king, then I 
have I chance, to draw a king from the other 
heap, whereby I get the fum S, and 2 chan* 
ces to mifs drawing the king, whereby I do 
not get any thing, in this cafe my expeda- 

tion 
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don is worth f S, fo diat before I begin to 
draw I have i chance for S, and 2 for j^S, 
whence ^ is the valiie of my expeflation. 
5n&^ fame otberwife. 
The probability of taking the king of hearts 
from the lirft parcel is f , if this fhould ncJt 
happen^ of wWch the probability is f , I have 
ftiU the chance for fucceeding in the fecond 
parcel, the probabifity of which is f, where- 
fore jX 7 is the fecond part of my probabi- 
lity, which added to f , my firft part, giv^ 
f niy total probability, hence f x Sis the v^- 
iue of my expectation (by Art. IV.) 

PROBLEM VIL 

Suppole the number of chances for an 
event happening to be (a)y thofe for its fail- 
ingY^A in any one trial; it is required to 
find the probability of the event happening 
precifely (f) times, in a given number (n) 
of trials. . 

Solution. 

Becaufe the event is to happen (p) times, 
and not more, in (n) trials, it is evident 
whenever it has happened (p) times, the re- 
maining trials muft fail, otherwife the event 
does not happen (p) times pttcifely in (n) 

trials. 
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truis. The pcctbafailitj of tte orent happen- 
nig in anfane tnal is ^4^» and that of its 

happening (f) tunes ibcceffiTdy =4=- .The 
probability of its failing fn^J trials> is 

probability that the event fhall happen all 
the firit (p) trials^ and j^I alt the remjaining 
trials. But there being die very fiiBie pro- 
bability for ks happening aay other (pj af- 
iigned tj^ials^ and faiHng the reft, it fc^o^s^ 
that as xhany different ways as/ things can 
be taken or combined in (n} things, juft £> 
often muft the (aid probability be repeated^ 
to give the required one. The combinations 
of(pJ things in (n) i» ^ x"^ x"^, &c.(p) 

i^Pro^. IL> whence -rx^x^fi ^€. (p) 

x-===7-, is the probability fought. 

Example L 

Aperlbn withEvecommondice^undertakes to 
throw one ace and no more, at the firjS: tiirow; 
what are^ the odds againft bdm \ By fuppoi^ 
ing thfi dice thrown fepairately^ and the five . 
thsows a&fixm^iy^ trials, welMve n=t^piss.\y 

a=L\y 



.tr=i,'fe^,: and |x^^^=:iffl> the 

odds as 416^ to 3I2J[^. 

Exati^k II. 
Wlutt is ^ probability that m thromng 
up five halft>ence there fliall come up tvHo 
heads predfely ? Here tf=^i, bssziy p-ssti, 

«=.j. a.d ^«— x-^j-= A, the 

proJb^bilJdty. re<|aired. 

PROS L EM VlIL 

SF the Q»inber of dianoes. for an event 
HappeiaiRg, and failing* be (a) boA fh) re* 
%e^ively f what is the probability that the 
event happens three times at kaft, in five 
trials. 

S O L 01 T r o N. 

The pnobaluUty t&A liie event (hall hap- 
{leOi Oficd pi!ect&i|r h (by the laft Problem) 
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of the contrary. The probability thsU: the 
event fhaU happen twice jis (by the laft Prch 

Mm) ' ^±fi$ and the probability that the 
«yent fhaU noe happen at all b =:^. Now 

It 



i 
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it is very evident Aat the fum of the tw<^ 
laft probabilities bang fubtrafted from i — 

^.,leavesi-.^.-==T-=r,ori6 

equal i^ii^i^^i^Vor the brbbabil^ 

the event happens three times or oftener, in 
5 trials^ wherein We may obferve that the 
numerator confitts of .^e three fiiA terms of 
the binomial a -f-^/ raifed to the fifth power, 
and alfo that the exponents of the fingFe 
powers of (a) are no where to be found lefs 
than 3, the number that denotes 'the times 
(at leaft) the event is to happen, cohlequently 
the remaining terms of the binomi^, wiU 
expound the number of chances for the event 
not happening fo often as 3 times in 5 trials,' 
and univerfally if (n) be i&ie affigned num- 
ber of trials, (p) the number of times the 
event is to happefi at leaft, in thofe trials, 
the probability of fucaseding.will be found, 
by raifing a\b to the (^n) power, from 
thence felefting all the terms wherein the ex- 
ponent of (a) is either equal to, or greater 
than (p)^ and dividing their fum by J^*. 
The remaining terms of the V^nomial fo 
raifed, or thofe where the exponents of the 
fmgle powers of (a) are left than (p) being 

added 



jj 



Tthe Ltinjos of Chance. 33 

added together, and their fum divided by 
7+7, will give the probability that the event 
fhall not happen {q often as (p) times in (n) 
trials. 

Example I. 

A with four common dice undertakes to 
throw two aces at leaft, in one throw ; re* 
quired his probability of doing it. Here if 
die number of dice be conlidered as fo many 
trials, we have «==:4, ^=:2,^ wherefore a-y^b 
being raifed to the fourth power, and from 
thence the three firft terms being iele^led, we * 

have ^ — ^^=X7^^ — ~ ^^^ *^^ probability, 

equal to H^^y a being i, and by 5* 

Example 11. 
Suppofing one to throw up nine halfpence, 
what are the odds that there fliall come up 
more than three heads. Here n=i^y a-ss. i, 
b=z I, /=4, wherefore taking thofe terms of 
a-^-by raifed to the ninth power, where the 
exponent of the fingle powers of (a) is either 
equal to, or greater than 4, will give 1 + 9 
-J- 36 + 84 (=130) which being divided by 
512 (i + i^) quotes 4is for the probability of 
bringing up four heads or more, whence the 
required odds as 191 to 65. 

D PRO- 
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P R O B. L E M IX. 

If A can without advantage, or difadvaiv 
tage, give B one game out of three ; what: 
are the odds that A (hall take any one game 
afligncd, oi' in other terms, what is the pro- 
portion of their Ikill. 

Solution. 

Becau& A can without any di&dvaot^^ 
^ve B one game out of three» ke muft> to 
beat B^ win three games before B wins two, 
from whence it apf)eai;s^ that the play win 
end in four gajm^s ajt moft, for if A gets twQ 
and B one, the next game wiH evidently de- 
termine the play in favour of one of them, 
wherefore feeing the play will neceflarily be 
ended in four games^ list (a) and (i) be their 
refpe£live chances for winning any afligned 
one. Th« prc^bility of A*a winning three 

times at leaft in four trials is ^-^^i— f by 

the laft ProLJ apd th^ of ^'s winnipg twice 

or ottner, m four triaiB^ is — ^^ ■ j^^ -^ 

thefe probabilities, becaufe they play upon 
equality of chance, muft be equal to each 
other, hence this eqpation a^^^a^ 6 3=A* 
-{-^b^a-^by a^yl^X ai b: : i i Zy then 

az 
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a zzsub^ fttbftitute aziov bm the equation, 
it becomes i4-4«=«*+4a;^+6«' folv- 
ed z:^nip nearly^ whence ^ to ^ as 5 to 8. 

PROBLEMS 

A and B, whofe proportion of IkiU, or 
chances for winnmg any affigned game, are 
as C^>to (b) play together, and tliey find that 
A wants 5 games of being up, and B 3 5 
what ^t the refpeftive probabilities of win- 
ning? 

Solution. 

It is evident the play will be ended in 7 
games at moft, for fuppoie A gets 4, and B 
a, then they want only i game each of be- 
ing up, therefore the next will terminate the 
play: this being prcmifed, if A wins 5 games 
in 7, he beats B, of which the probability is 

=T , and I T?r— 

„■ 3 y^**' + 35^'^* +» ^*^' + 7*''* + *^ ♦ «,, 
or "~ ~~n7 *'' *"• 

probability of beating A, or of getting 3 
games b^ore A getj.j. . 

P R O B L E M XI. 

A and B, whofe cbancqs for winning any 
affigned game are as (a) to (^;, having play- 
P 2 c4 
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ed together fome time, find that the former 
wants (p) games of being up, and the latter 
(q) ; what are their refpetlive probabilities of 
winning, 

SoLlTTIONt 

The play will be ended in^-fj — i games 
at moft, for fuppofe A has got/ — i games, 
and B q — i games, then they each want one 
of being up, and confequently the next game 
will terminate the play: hence/— i -|-y— -i 
4" I or /-f-?— I* ^e the games at the end 
of which, either A or B will be up. Put 
p^^ — I z=w, then if A wins (p) or a greater 
number of games in (n) B lofes, of this hap^* 
pening the probability will be found equal to 



which fubtrafled from unity, leaves — 



probability that B wins the fet- 

PROBLEM XIL 

Three gamefters. A, B, and C, play toge- 
ther on this condition, that he (hall win.the 
fet who has fooneft got a certain number of 
games, the proportion of the chances which 
^' ^ ' each 
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each of them has to get any one game af- 
%ned, or which is the fame thing, the pro-j 
portion of their (kill being refpe6tively as Cy 
b^c: now after they have played fome time, 
they find themfelves in this circumftance, that 
A wants i game of being up, B 2 games of 
being up, and C 3, the whole ftake between 
them being 1 ; what is the expectation of 
each. 

Solution. 

It Is certain that A's total probability will 
be exprefled by the dim of all the different 
probabilities which he has for winning f^ 



game| before either B wins two, or C three. 
B's total probability, by the fum of all the 
different probabilities which he has for win- 
ning two games before either A wins one, 
or C three, and C's total probability, by the 
fum of all the different probabilities which 
he has for winning three games before either 
A wins one, or B two. Wherefore the pro- 
babilities of thofe events happening, tliat 
muft neceffarily take place, in order that the 
players may fucceed fingly, being found and 
added together, vsrill give three fuch fums as 
will exprefs their required probabilities, thofe 
fums being each multiplied by the whole 
^ake, gives their refpe6live expedations. But 
D 3 in 
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in order Jto render this ts clear as poffibiy I 
eould, I have annexed Ae three following 
tables, wherein are placed the necef&ryevtnti, 
and their refpeftive probabilities of happoi- 
ing, that muft determine the expe£Utioiii of 
the gamefters. 





TABLE t for A. 


WdTfs of mming. 


ProbabiUties. 


A the firft time, 




B firft, A (econd. 


4«i 


C firft, A fecond. 


±x>- 


C !« and 2*, A3^ 


ix^xl 


C i», B 2*. A 3', 


TXvXf 


BiVC2SA3^ 




Bi*,C2*&3*,A4«»> 


d^ d^ d^ d 


eI*&2^B3^A4* 


— X— X~X— 

d d^ d^ d 


Ci*,B2SC3*,A4* 


d^d^d^T 



TABLE 
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TABLE II, fir B. 


Wap vftvinmng. 


TroUbilities. 


B I* and 2* time. 


4xf 


CABji^andaS 


TX^xf 


Cift&i*,B3*&4* 


-Lxi>xAv_L 

J^ ^^ d^ A 


Gi«,B2SC3^B4* 


Tx4x',xi 


Bi»,C2d,B3'', 


4XTX4- 


Bi*C2a&3»,B4* 


-Jx^xi-xl 



TABLE III. /^r a 


JVi^s of winning. 


Probabilities. 


C I*, 2'' & 3"' times, 

CI^2-&4^B3^ 
Cl^3*&4^B2^ 

C2'',3*&4* Bi«, 


d^ d^ d^^ 

-ix^x^xf 



04 
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In the firft column of the firft table, are 
all the different ways by which A can pofli- 
bly win, In the fecond column of the lame 
table are inferted the probabilities of thofe 
events happening, {d being equal to /i-j-A-fi:) 
and the fame is to be underftood of the fe- 
cond and third tables, which are for B and 
C, Now by taking the fum of the rproba- 
bilities in the firft table, we have the pro- 
bability that A wins the fet, equfd to -^ + 

-77-+ — 5?— +^' ^y humming up 
the probabilities in the fecond table we get 
^+ ^TT^ + ^-7T-*> for B's probability of win- 
ning the fet ; and laftly, by taking the fum 
of all the probabilities in the third table, we 
have ^3+^ for Cs. Now in order to 

fave the trouble of conftru6ling fuch tables, 
when a problem of this fort is to be folved, 
we muft endeavour to obtain the law by which 
the probabilities of the gamefters may be con- 
tinued, when thdr number, and that of the 
games they refpeftively want of being up, 
are any given numbers at pleafure. For the 
law of continuation in the problem before us, 

I write -J- for the firft term of A's probabi- 
lity, then I multiply b^c hy a-i^b-^Cy in 

the 
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theproduft d^^+^c+Ai^-j-^^^+^O ^ 
quantities ah-\-aCy and bb being divided each. 

by dd^ make the fecond term in A's proba- 
bility, and the firft in B's. The remaining 
part zbc-i^ccoi the produft I multiply by 
^'{-b'\'Cy fromthtj^roduQ: 2abc-\-acc^ 
zbbc'\''^bcc-\'C^y feled: zabcJ^ac^^ zcb^^ 
and tf ', each of thefe quantities being divid- 
ed by //', give the third term in A's proba- 
bility, the fecond in B's, and firft in C's re- 
ceptively. Laftly, I multiply the remaining 
part of the produft by a-^b-^-Cy then if 
each new term of this produft be divided by 

d\ there wiU arife ^, ^^, ^^ for 

the fourth term in A's probability, the third 
in B*s, and fecond in C*s. Having proceed- 
ed thus far, we may eafily obferve, that in 
A's probability the fingle powers of (a) only 
are to be found, and in B's probability the 
fecond power of (b) is found. Laftly, inC's 
only the third power of (c) is to be founds 
refpefiively anfwering to the games they want 
of being up. The law of continuation in 
tiie denominators is alfo vifible, being ^, //% 
d^y d^, &c. until the exponent of d becomes 
equal to the number of games beyond which 
tiie play cannot be protrafted. 

The 



43 The Laws of Chance. 

The number of gatnefters a»d gttilKfisWftitt-- 
ing, beittg other numbers dian thole giiN^ 
in this problem, if tftUes be in like manner 
€onftru6led for their probabilities of winnings 
the (et, we may, by comparing tho& {Mroba* 
bilities with what has been already dd&vertd, 
obtain a general method of foiution^ as fol« 
lows. 

Let thegameftersbcA,B>C,D, fife, the 
games they want of being up ^, q^ r, s^ &c. 
^eir chances for winnii^ any affigned game^ 
in the proportion of n^ h, c, d^ &c. and pot 
1^-^ 3 ^ c + rf, e?c. =2: A, this being done, wufe 
a^iJIl-c^J^&c. to that power whofe ifl-^ 
dex is equal to the leaft of the given num^- 
htrsp,f,r^s,&c. or to one (^ the leaft, if the 
two k^ are equal to one another^ as (f^J, 
and from that power take out the term where^ 
in the exponent of the correipoodent quaiv- 
tity (a) is equal to (fj^ and if there are any 
terms wherein the indices of (ij and (?^, &c. 
are equal to f , r, s^ d^c. take thofe terms alfi>» 
and having divided each of the terms io taken 
by b^^ place the feveral quotieitts each in dif- 
foent columns marked A,B,C,D, &c. fo that 
the faid powor of (a) may be in the column 
A, that of (6) (if any) in the colunm B, &c. 
N<>w having proceeded fo far, multiply the 

remaining 
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remaining terms of the faid power by a-^-b 
^c, &t. and from the produQ: feleft all the 
terms where the indices of the powers of a^ 
h, Cy &c. are relpeftivcly. equal to j>^ y, r, £&. 
ind having divided each by bf+^y place them 
According to the foregoing method^ in the 
Cohamns A, B, C, &c. Let the laft reaiain- 
der be multiplied in like manner ftill by a^ 
^ *^tr, &c. and fcteft again from the jnioduft 
the terms wha:^in the exponents of ^^ ^« r, 
&i. are refpe^ttvely eqaal to p^ q^ r^ &^. atid 
havii^ divided eadi by JbH-^^ Jet tte quia* 
dties be difpo&d of as before, and proceed la 
this manner, repeating the operaticm till all 
the terms ar6 exhaufted, &en the quantili» 
that are at lail found in the columns A, B, 
C, D, &c. will be the probabilities of win- 
ning reipe6tively. 

Example. 

Let there be four gamefters, A,B,C,D, kt 
the proportion of thdr fkill be as i, i, 2, 3, 
ind fuppofe A wants i game of bei^ up» 
B 2, C 3» D2« The general thec>rem> nz. 
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WiU give -jViVf, tWbV* •tW^> t^^VsV* for 
the probabilities of A, B^ C, D, rcfpeftively, 
for in this cafe ^=1, ^==1, ^=2, ^=3, 
mid bz=zj. 

PROBLEM Xni, 

If A and B equally fkillful, play with two 
bowls each ; it is required to find the proba- 
bility that one of them (fuppofe A) fhall get 
both bowls at an end, and alfo the probabi- 
lity of his getting precifely one bowl at an 
end. 

Solution. 

If A gets both bowls at an end, his firft 
bowl muft be nearer the jack than B's, of 
which the probability is y- Otherwife it is 
impoffible he can win both bowls at the end. 
Now A muft with his other bowl, not only 

beat 
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beat B's fecond bowl, but alfo that which he 
has already thrown, the probability of doing 
it is f , therefore i x f or i is (Jrt. VII.) the 
probability of A's getting both bowls at an 
end. Let x be the probability that A fhaU 
get precifely one bowl at an end, then as ^, 
which is the probability that he doth not win 
both bowls, certainly contains thofe for his 
winning either one bowl precifely, or none, 
it follows, that I— -I— x=::Ar, whence x=^, 
the probability that A wins precifely one 
bowl at an end. 

PROBLEM XIV. 

If A and B with equal (kill play together, 
each with three bowls ; it is required to de- 
termine the probability that either of them 
has for winning all the three bowls of the 
other. 

Solution. 

The probability that A fhall have one 
bowl nearer the jack, than any one of B*s is 
^\ fuppofe this has happened, then A may 
be fuppofed to have two bowls, and B three. 
Now if one of A's bowls beats B*s three, of 
which the probability is f, then A will have 
two bowls nearer the jack than any one of 
Fs, whence A's probability of vvinaing twcj 

bowls 
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bowls or more at the cndrf isT^f, if this 
ibould happen^ then as he has ont bowl left, 
and the probal^lity of its beating B's thre«, 
being |, it follows, that (Jrt. VIL) f xf x^, 
is the probability that A has for winning the 
three bc^vls at the end> and B's probability 
for winning A's bowls is the fame* 

PROBLEM XV. 

A and B upon equality of fkiH play toge- 
ther, each having a certain number (n) of 
bowls ; required the probability that one of 
them» as A, ihall win any afCgned number 
of bowls or more, at an end* And alfo, the 
probability that he wins any affigned num-< 
ber prccifdy, at an «id. 

Solution. 

Suppofc one of A's bowls nearer the jack 
than B*s, of this happening the probability 
is i,. The bowls that A has left is »— i, 
and it is evident that one or more of diofe 
muft beat all B's, (for A to have two or more 
neareft the jack) the probability of diis is 
~^^y therefore \ x^',, is die probability that 
A (hall have two bowls or more, neareft the 
jade. Imagine this has happened, now the 
probability that fome other of his bowls fhall 

be 
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be nearer the jack tha» any of B's is l^^ 
wheaoe diQ prob^hiUty tfa»t A ihaU get three 
Ixmis <» more at the end, is ^x '^ x J!^. 
And by the very fame way of reafoning, his 
probability of winning four bowls or more, 
9t an end, will be found equal to x^ ~; x 
^^ X ^^ whence the law of the progrefs is 
manifeft. The probability that A fhall have 
one bowl newc^ the jadk is ^, that of his 
having twa is ~^» as found :d)ove, whence 
the probability that he fhall have one bowl 
and not more, neareft the jack, is evidently 
i^— •^'^ ori-x,-^. In the fame manner, 
by fubtrading his probability for having three 
bowk seared the jack, from that of his hav- 
ing two ib^ the remainder, ^x-3oc:i^=:l, will 

lie the i»x>ImbiHty ^utt A (hall have two bowls 
and opt more, uearcF the jack than any of 
B'5. Whence the probability of getting any 
affigned number (f) of bowfe precifely, at 
an end, is fx-i-x-^^x^^x^ , Qfr. 

* x«— I IB — a ID — 3 a«— 4 * 

continued to (p^i) hOan, 

PROBLEM XVI. 
If A TOth (m) bovvls, and B with (n), play 
together upon^uality of fldU; itisreqiiked 

to 
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to find their rclpcftive probalMlides for win- 
ning any afligned number (r) of bowls, or 
more» at an end, as alfo of winning that 
number precifely, at an end. 

Solution. 
The probability that A (hall have one bowl 
or more neareft the jack, is j^ (Art. I.) at 
-^ (putting j= w -f- ») if this ihould happen,! 

then A may be fuppofed to have ;»— i bowls 
left» and all the bowls left between them 
!«— I, whence the probability that A fhall 
have a fecond bowl nearer the jack, than any 

one of B*s, will be ^, and that of his hav- 
ing two at leaft neareft the jack, will be 
•7^ X '^j in the like manner the probability 
that A fhall win three bowls or more, at an 
end, is — X ^'^ X ^^, from whence the law 
of continuation is vifible, it being -y- x^^x 
^^x^^Gf^.rr;• Byvm\:mg(n)ioT(m) 
in the feries, we fhall have — x ~ x ''— x 

* S i— 1 s 2 

"■5^, &c. (r) for B*s probability of winning 

(r) bowls, or more, at an end. The pro- 
bability that A gets one bowl or more, at 

the 
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the end is y-, that he gets two or more at , 
the end is -S-x^!^, the difFerence between - ' 

and ^ X ~, that 18 -^ X ;£; is the probabi-* 

lity of A's winning one bowl preciiely at the 
end, and that of Us winning two bowls pre- 

cifelyattheend,isf x7ErX;^,i anduni- 
verfally we have -x2^x^!^x^!=?, ©"r. 
(r) x^ for the probability that A ftiall get 
(Ir; bowls precifely at the end, -fx^x^ ' 
x^, &c. (r) x^ that of B's getting (r) 
bowls preciiely at the end 

PROBLEM XVil. 

A and B, whofe proportion of Ikill is as 
a to b^ play together, each having (n) bowls ; 
to find the probability that A has of getting 
any number (p) of bowls, or more, at an 
end, alio that of his getting precifely th^t 
number at an did. 

Solution. ^ 

Since the proportion of ikill fignifies the 
odds that any ^gned bowl of A's (hall be * 
nearer the jack than any afligned bowl of B's, 

E # we 
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wc may fuppofe, that each of A's bowls may 
contain (a J chances, and each of B*s (i) 
chapces, then (naj eypoundg the ^hple 
number of chaoces in all A's bpwlj^ and (n b) 
the number of chances in all B's, this being 
premifecl, A's probability of having one bo^^l 
at legft nearer the )ack than any one of E^^y 

will be j^y or (putting d^""-^^) -7^ if 

this fhould happen;, then A having >»-^ i 
bowls left, and the chances therein being 
ilTTxiZ, the probability of his having a fe- 
cond bowl ipiparef the Jack, than aoy one of 

B's will be ^tr' -^ w 7=T> that of his bav. 
ing two, or more, nearefli the jadk wdQ be 
T X ^;, (O^r/. VIL) and by the fame fort of 
procefs we get -^ X ^ X ^^ for the proba- 
bility that A may have threp, or a greater 
number of bowls, nearer the. jack than any 
one of B's. From hence it wiH app^r, that 

tx£->Sx3'^^- CP^ wIUdfinoteA's 
probability of having (p) or a greater p»Oft- 
ber of bowls, nearer the jack than any one 
of B's, and the probability^ of A having (p) 
bowls precifely nearer th« jsek tbanany one 

ofB'swuibe^xHxs^S^^. r/;- 
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7- 5^ H X H X r;» ^^' fP+^J or its equal; 
.^x^^xHxgxg, &c: (p+ij. Be. 
caufe^ if from A's probability of having (pj 
or more bowls ileareft the jack, there be ta- 
ken that of his having (p^i) or more bowls 
iteareft the jack, the remainder muft certain- 
ly be the probability of getting (p) bowls 
jJrecifely : or the failie thing may be deter- 
mined otherwife, as thus, when (p) of A's 
bowls are nearer the jack than any one of 
B*s, if then B gets the next bowl, A will have 
(p) bowls and not more, neareft ; the former 

of thefe probabiHties is v x S ^ S >< 3®"^- 
(p) i and the latter ==-3-, their produ6l ^x 
S><S><E-^e^^- r/; x~~, or itsequd^ 

T.x£;xHxS ^c. (p+i) is the proba- 
bility required, Ae fame as before. 

P R O B L EM XVIII. 

A and B 6ach hatving two bowls, play to^ 
gethcr upon equality of (kill, what are their 
ro^eftive probabiiities of winning, when A 
wants 1 bowl of being up, B 2 ? 

E 2 S o L u- 
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Solution. 

If A gets one bowl or more the firft end^ 
he wins the game ; but if B gets one bowl 
precifely the firft end, they will each want 
one of being up, the probability that A ob- 
tains this laft mentioned circumftance of play- 
is J, which multiplied by ^ gives i, for one 
part of his probability for being up before B,. 
to which add ^i that of his getting one bowl 
or more the firft end, the fum f is his pro- 
bability of getting one bowl before B gets 2. 
Hence B's probability of beating A is y, 

PROBLEM XIX- 

The other things remaining as in the laft 
problem. Let A want i bowl of being up, 
B 3 ; to determine their refpeftive probabi- 
lities of winning. 

Solution. 

Firft, fuppofe A wins the firft end, in this 
cafe he beats B, the probability of this hap- 
pening is V- Secondly, if B gets juft one 
bowl at the firft end, then B will want two 
bowls of being up, in this cafe A's probabi-'- ' 
lity will be f , wherefore the probability that 
A beats B, when this has happened, is f x~ 
or 7. But if B (hould get two bowls and 

not 
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not more the firft end, they will each want 
one of being up, and A's probability is then 
\ I but as B*8 probability of getting into this 
circumftance of play is i, it follows, that - 
X \ will be A's probability in this laft cafe, 
and that x+f 4"tXt is that of his being 
up before B, whence B's probability required 

P R O B L E M XX. 

If A and B play together with a certain 
number (n) of bowls each ; what are their 
probabilities of winning, when A wants one 
bowl of being up, and B two ? 

Solution. 

If B wins juft one bowl at the firft end, 
then they are upon equality of chance ; the 
probability of this happening is tX;;;^ (Prob. 
XV.) If he wins two or more, the firft end, 
of which the probability is tX~^, he wins 

the game, therefore the former probability 
being multiplied by x, and added to the lat- 
ter, gives i:x,^ + ix^, or |^,B's pro- 
bability for winning the game, which taken 
from unity leaves A'si=:|^. 
* E 3 Corollary. 



Cm>llary. 
If ii=ssi» or they pl^y with a finglQ bow| 
f^ch> their probabilities will be :}^ t^d ^ ife^ 
^ftively. If with two bowls each, rr> i^ 
refpc6tively. If «s=r3i the ratio between 
th^ chancesj wiU he that of 13 to 7. Hero 
jfe may obferves thfit ^ the number of bowl^ 
increafe, the ratio between their ehaneea dosi 
creafes, but that ratio will never deicend fq 
low as 5 to 3, becaufe each mvrttiple of ^ isf 
|e&i^ by the number 2. 

PROBLEM XXI. 

If A and B, each having (n} bowls, play 
fogether upon equality of (kill, and A wants 
pne bowl of being up, B wants (p)- bowls of 
being up ; it is required to ^d their ^refpec-j 
tive prpbabilities of winning. 

SomTiON. 

Firfl:,. fupppfp B wants three bowls of fee-? 
ing up. If B gets one bowl precifely, thp 
|irft end, hi§ probability of winning \yill bP 
f^^(Prob. XX.) which multiplied by ix 
^,, that of his getting one bowl precifely^ 
the firft end, gives iXi£r.x|^, the ftrft 
part of B's required probability. But if he 

gets 
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gets two bowls precifely, the firfl: end, they 
will in that cafe be upon equal terms, whence 
V, which is ffs probability in that circunt-^ 

ftance, multiplied by \:'i<~j^ x ^^, that of 
its taking place, the produd, \ x £_^ x ^^ 

k the fecond part of B's required ^probability s 
to the fam of theie two parts add the proba- 
bUity of his getting three bowls or nfor^ 

the firft end, the fum, wz. ^^Z*- — = 4- 
^=^=^=JL^2^^^ is B's probabiKty 

««— 4X4;f— 2 f 4»— 2X2«— 2 ^ ^ 

for winning, and being deduced from unity^ 
leaves A's. 

Secondly, let B want four bowls of Seing 
up. If he gets one bowl precifely, at the 
firft ehd, he will want three of being up. 
Let his probability for winning, in this cir- 
cumftance, as detertnined atbove, be called 
P, then if P be multiplied by fx^;;^^, the 
jxrobability of obtaining it, the produfl: P x 
i X ^ is the firft part of B's probability of 

winning. If he gets two bowls, and not 
more, at the firft end, of which the proba- 
bility is 1)^ X l^^, we have (by putting 
QJbr his probability of winnmg, if that 
E 4 hap- 
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happens) f x^;;^^ x S ^ Q-^^^ ^® &cond 
part of B*s probability of winping. If he 
gets three bowls prccifely, the firft end, his 
probability of winning will be |-, which mul- 
tiplied by i,x,-^x7iE^x^^, that of its 
taking place, gives the third part of his re- 
quired probability, to the fum of thefe parts 
add the probability of his getting four bowls 
or more the firft end, the total will give B's 
probability for being up before A, equal to 

ix;i^xP+fx^x5ixQJ-ix£:r>^ 

Sx^3 + lx;^ixax£i. Hence 
by writing P, Q^^R, S, T, &c. for B's refpec- 
tive probabilities for winning, when he wants 
i, 2, 3, 4, 5, &c» bowls of being up, and mul- 
tiplying thofe quantities by their refpeftive 
probabilities of taking place, we fhall obtain 
the following products, viz. tX^^j, x^ 
(^fi)xP + |x~r.xS(/-i)xQJ.i.x 

xS,&c. to thefe add Ix,"^ x^^^x^^/M 
the fum, is the probability that B hais for 
getting (pj or a greater number of bowls, 
before A gets one. 

Corollary. 
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CbroBary, 
if »s:i, or they play with one bowl 
each, B's probability wll be exprefled by 

=-J! ""!!— r =.|., the other terms vanUhing. 

It may be here obfcrved, that B's probabi*- 
iity in this cafe might be contrafted into 

^xzn^^ * ^^* *^^ exprefSon, when 12= i, 
:becomes equal, to npthii^/ inftead of fi 
whereas bong left unreduced> is equally true 
in all cafes. 

PROBLEM XXn. 

• j^znd B, each having, (nj bowls, play to^ 

gether upon equality of ikill, A wants diree 

bowls of being up, and B two 5 it is required 

' to determine their refpedlive probabilities of 

winning. 

Solution. 

If A gets one bowl precifely, the firft end, 
they will each want two bowls of. being up, 
if this happens, A's probability will be j-, 
which multiplied by that of its happening, 
w«. fx,-;^,, gives ^x^,, the firft part of 
lus required probability. If A gets exa£Uy 
two bowls, the firft end, he will want one 
of being up, the probability of his getting 

into 
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^to.diis circumftaiice is ^x ^, x ~^, that 

of ytriiuungaft^r this has happcaedi^.^bj 
Tri^. XX.) whence the iecond part of A's 
probability is i x — x ^g x |^. Now if 1 

B gets (me bowl, uid not more, the firft enc^ 

'..1- . * ». ** — * I . * s»* — "> 
tfaenj-x^,x ^— ^_^ x;;^::y c^^^; 

1 TTT'K'^f.xfx-^ , v^ be die third ptft 

• 4*— *X»»— 2 • a«— » * ; , 

of A's probabifif y. WherdTorc, if to the {una 
of thefe probabilities already found, we add 
;{.x,^x~, wlndi is A's probability of 
getting three bowls or rnore, at the firft end, 
we have A's total probability required, which 
taken from unity leaves B's. if wc put P=a 

3*^^ Q I II I i t I - I 

«»— 4* ^*="8»— 4X2»— 2 r 4»— 2X8»— 4 r ^,.2X2»^z 

the above expreffion for A's probabifity, be- 
comes5£-.+ -:2<;EL xP+-£-xQ^^ 

Corollary. 

If » = I, or they pky only with, fingle 
bowls, A's probability for winning the fet 

viHbc5£r4+~r*'f:^^4-TV. U 
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n^^^y A's probabilit]r vnU be expr^Ecd by 
y _i_-_^^^__ p I Z- — 1**— " " !T! 

3»^— g« ,y 

PROBLEM XXm. 

Other things remainmg as iji the laft prd*' 
Wcm. Let A want four bowls of being up^ 
gind the funj played for be denoted by !• 

Solution^ 

LetPbeput for A's probability if he fliould 
liappen to want only one bowl of being tip, 
Q^ two, and R if three. Put alfo his pro- 
|)ability of getting one, two, and three bowls» 
precifeiy, ?»t an cnd^^ equal to tf, b^ &c. re- 
Ipeftively. Now if A gets jujQ: one bowl the 
firft end, of which the probability is fa)^ his 
expe6tation upon that event will be ^R* 
Again, if he gets precifeiy two bowls the firft 
end, his expeftatiqn will be 6 Qj^and if he 
gets precifeiy three c P, hence aR-^i Q^ 
(f P -j-^ (^ being put for the probability of 
getting four bowls or more the firft end) will 
exprefs that part of his total expeftation 
whidi depen(fe upon B's not having as yet 
won any bowk at all. But if B fhould get 

one 
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«ie bowl preciiely, thefirftend, of .which 
the probability is Y^^, A's total probability 
wiU be ijR + ^QJ-rP + ^+iiS(S being 
A's expectation in this laft cafe). By the 
very fame way of reafoning may their expec- 
tations, in any other given circumftance of 
play, or bowls wanting between A and B, 
be readily enough found, the values of P, (^ 
R>S/Gfr. andthofe of a^b^c^d, &c. being 
firft obtained, by the methods laid down in 
the preceeding problems, and thence a gene- 
ral method of folution may be inveftigated, 
by msdcing the folution of each inferior cafe» 
fuhfervient to that which is next more com« 
pounded. 

PROBLEM XXIV. 

A, B, and C, each having a certain num- 
ber (rn) of bowls, play together, upon equa- 
lity of (kill ; what are their refpedlive pro- 
babilities of winning, fuppofing that A wants 
one bowl of being up, B one, and C two, 
the fum of their (lakes being i ? 

Solution. 

If A gets one bowl or more, the firft end, 
he will be intitled to the whole flake^ whence 

his 
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his esqpeftation upon this event is f ; but if 
C gets one bowl prediely, the firft end, ,of 

which the probability is fx-^, they will 
all three be upon equal terms, and each in- 
titled to J of the ftdce, confequently A's to-' 

tal expedation is f x-~j xf+f, which is 
alfo B% therefore Cs is i— f— fx^i^xf. 
Other things reouuning as above, let C want 
three bowls of bemg up, then if he gets one , 
bowl precifely, the firft end, the players will , 
be in the circumftance propofed in the pro- 
blem, in that cafe A's expedation will be 
i^-ix—, this multiplied by f x^, the 
probability of obt^ning it, gives f x ^, -f" 
ix-^^xfx-^xf, to whidi add f, the 
film will be A's required expeftation, from 
whence C*s is eadly objtained. By the fame 
way of reaibning^ the Iblution of any other 
problem of this fort, as when the number of 
^yers and the bowls they want of being up, ' 
are any given ones whatfocver, may be eafily^ 
inveftigated. 

P R O B L E M XXV. 

i 

An even number of pcrfbns C, D, E, F, 
Sfr.; each havii^ two bowls, play together 

upon 
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iipon equality^of (kill, C is partner widl E^ 
E with F, &c. it id required to find the pro- 
baUiity which each fide has ci wimiing^ In 
any drcumftance of their play, or bowls 
wantix^ of being up. 

Solution; 

Firft, fiippofe there are only two partners on 
each fide, and that one fide wants one bowl 
of being up, the other fide two. Now if two 
other players A znA B, equally ikiUu! widt 
the former, each having four bowls, be fup- 
pofed to play the game out indieirroom, 
the fohitioti of this problem will be die very 
fame as that of the propofed. Therefow 

^^,wluch is A's probability of getting up be- 
fore B (by Pn?*. XX-) is tog, whichisFs 
jMrofaability for getting \xp before A, as 9 to 
5, (becaule nisz^ in this cafe) andl faience the 
probabilfty that the partner&Q EH^ beat the 
other two E, F, is denoted by ^, liiat of the 
contrary by ^. If there arctbrcc partners 
on each fide, then for (n) write 6^ and the 
ratio of their probabilities becomes that of 7 
to 4. 

Let there be ftill three partners cm each 
iide, but fuppofe one fide wants three bowls 

of 




of bang^ iip^^d the other $de one. By 
Pn!Afa».XXi^ Ac p ro b abitifacs that A and B 

have for b^jidtig each other are s.xanL j " 
and I- i^fl^^A^ ^^» <ttid becaufe in this cafe 

n=x6, thd ^roporticMi t>f the chances that 
each fide h^s of winning is that of 359 to 
i25» By ptoceeding in this manner the ex- 
peftatioiis of the gammers n>ay be deter- 
mined in anjr odier circumftance of the play* 
But as it vroxM fee very tronblefome to cal- 
culate the required probabilities by t)iefe the- 
orenaS) when each fide confifts of feveral part^ 
ners^ and the bowls wanting of being up, tn 
each fule, are more than has l^ere been exem- 
plifieds the following methodcf approxim^- 
ing, by which the folution may be obtained 
fufficiently near the tnftl^ not only when 
the players aire two^ but a greater number, 
may, be very ufefid; which method I have 
taken the liberty to tranfrribe from Mr Simp- 
foris treatife upon the Jiihjpi^, The firft of 
the following Tables fhews the odds when 
thfft are only two players, and the faft the 
limits of the teasft odds, when the players- are 
indcfimte, in both, cafe* the pfaycrs are fup- 
po&d to play wkh two bdsvls each. 
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The conftruftion of the firft table iff thus. 
When A wants one bowl, and B two of be- 
ing up, it appears by Prod, XX. that sf^"^^ 
to 3»— 2 wiU be ^e proporticni o£ their chaur 
ces, that is 8 to 4, or 2 to i, when »=2. 

' But 
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But if n be very great, the numerical quan- 
tity may be reje6led as inconfiderable, whence 
the leaft odds becomes 5;^. to 3^, or 5 to 3, 
which are the refpe£tive numbers placed in 
the fecond table, when one fide wants two 
bowls of being up, the other one. When A 
wants one bowl of being up, and B three, 
then (by Cor. Prob. XXL) 23«*-^i9«+4 to 
9»*— i3«4-4j is the ratio of their chances, 
that is, as 29 to 7, for the numbers in the 
firli table. If (n) be very great, the quanti- 
ties 4— .i9» and 4 — lo^n maybe rejefted, 
whence the leaft odds is 23 «* to 9^* or 23 to 
9, for the numbers in the fecond table. In 
the fame manner the remaining proportions 
in the tables were determined. 'Now by help 
of thefe tables the odds may be nearly had in 
this manner, from each of them take the 
probabilities of winning in the propofed cafe 
for which they are calculated, and let thofe 
probabilities be denoted by P, and/, refpec- 
tively, and let n be the number of players on 

each fide, then will "-^^ ^ ^ + "t ^^ *^^ P^^" 
bability of winning; 

Example I. 

Suppofe the number of players to be four, 
viz. two of a fide, and that one fide wants 

F on^ 
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one bowl of bang up, the idier two j thert 
by the tables the Odds will be as 2 to i, and 
If to I, whence r=i, /=i, and^'xP 

"Example II," 

Sifppofe three pjayers of a fide, and that 
one fide wants two bowls of being up, the 
other fdur j then by the tables the odds wiH 
^ 31 to I, and 2i to 1, here P=rV. p^^-ix* 
whence —? y P + -f = AVr> and the odds 
are as 850 to 347. 

Exampk III. 

Let there be four partners on each iide, 
and fiippofe one fide wants one bowl of Ije- 
ing up, the other four j theft by the tables, 
P=fr, /=^, afid •^xP + -f = ,0^. 
and the odds are as 853 to 299. 

PROBLEM XXVL 

If A and B, whofe proportion of Ikill is 
as tf to ^, play together with two bowls each, 
what are their refpeftiye probabilities of win- 
ning (the whole ftake being i) when A wants 
I bowl of bein^ up, and B 2 ? 

S o L u- 
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Solution. 

A may happen to win i bowl or more the 
firfl: end, or B may win precifely i bowl at 
that end, or elfe both. In the firft cafe B 
loTes his expeflation, in the fecond they will 
each want i bowl of being up, but in the 
third cafe B will be intitled to the whole ftake. 
Now fey Prclbkm XVII, A's probability of 
winning one bowl or more the firft end, is 

jT7> that of B's winning one precifely at that 
end^ is (by the fame Problem) ^21^xjx"^> 
wherefore in this circumftance of die play, 
. A*s expectation is ~^, and his total proba-^ 
bility equal to ^^±^^^^±^^^^ which 

taken from unity leaves ,..+;!r;j:^^^,4,, . 
for fi's. 

PROBLEM X3fVII. 

Other things remaining as in the laft pro^ 
blem, let B want 3 bowls of being up ; to 
find their re(pe6live probabilities of winning* 

Solution. 

B may happen to win either one bowl pre- 
cifely at the firft end, or both. If the firft 
F 2 cafe 
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cafe happens, of which the probability is 

—r-i X -^. , the players will be in the above 

mentioned circumftance, that is, A will want 
one bowl of being up, and B two. Let B's 
expeftation, as there determined, be called P. 

Now as he is intitled to ^^ of the whole 

ftake, if the fecond cafe happens^ it foUows 

that his total expeftation is equal to j^r^ x 

Several other ufeful theorems relating to 
bowls, may in like manner be obtained, by 
obferving how each of them is deduced from 
the preceding one. 

If we fuppofe the players to have each an 
unequal number of bowls, as alfo an inequa- 
lity in their ikill, or that either, or both thofe 
inequalities fhould vary, according to fome 
certain given law, or if four or fix, or any 
greater even number of gamefters were to 
play together in partnerfhip, under any cir- 
cumftance of bowls wanting on each fide, 
and of any given proportion of fkill, their 
probabilities might in the fame manner be 
determined. 

PRO^ 
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PROBLEM XXVIII. . 

A perfon undertakes in three cafts with a 
common die, to throw both an ace and a 
duce, without regard to which ihall happen 
to be firfl: thrown 5 required his probability 
of winning. 

Solution. 

The probability that he mifles both the ace 
and duce, the firft throw, but brings them 
up in the two next, is f x 7V The proba- 
bility that he brings up one of them the firft 
throw, and the other in the two next, is 2 
X -g- X fl^ ; therefore his probability of fucceed- 
ingisfXTir + ^xixflr, equaltof^. 

PROBLEM XXIX. 

A with two common dice undertakes to 
throw both the numbers 5 and 7, at three 
throws ;. what are the odds againft him ? 

Solution. 

Imagine a die having 36 equal and fimilar 
faces J now as there are 4 chances for 5, and 
6 chances for 7, upon two dice, fuppofe each 
of 4 faces of the affumed die marked 5, and 
6 other faces each marked 7, then the pro- 
F 3 babi- 
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bability of fuccecding with this die will be 
exaftly the fame as with two common dice. 
The probability that A miflcs all the marked 
faces the firft throw, and brings up one of 
each in the two following, is f|-i x H* that o£ 
his throwing a marked face of one fort the 
firft throw, and a marked face of the cqr-^ 
trary fort'the two next throws, is fg^ x .^9^+ 
iVxiV^ to which addjrtl^x J i.thefum;^^^^^ 
or -^j is A's probability of winning, wheucc 
the odds againft him as 293 to 3 1. 
Otherwife. 
Conceived each face marked 7 upon the 
affumed die excluded, then 30' will expreft. 
all the chances for 7 bemg reftrained from 
appearing, in each of three throws with the 
affumed. die unreduced, and therefore 36'— r 
3oSare the chances for throwing one or more 
of thofe faces marked 7. By the fame way 
of reafoning, if we imagine the faces marked 
5 excluded, we fhall have 32'— 26^ the 
diances for one or more of thofe faces mark- 
ed 7, coming up without any of thofe mark- 
ed 5, which being fubtrafled from 36' — 30^^, 
the chances for throwing one or more faces 
marked 7, without any regard to thofe mark- 
ed 5, the remainder 36'— 3o'_32'+26*, 
or 4464, divided by 36^ is A's probability of 

winning^ 
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winnir^, n)tz. -^f^, or f^^, the very (aim 
w before. 

PROBLEM XXX* 

Let there be a folid die^ having (n) fimilat 
and equal faces, whereof (a) are marked A, 
(b) of them marked B, and (c) of them C j 
what is the probability that in throwing up 
a given number (r) of fudi dice, ixoit of 
each of the marked faces A^ B, C, Ihall be 
uppermofl. 

Solution. 

The number of chances for the iaees mark* 
ed A being reftrained from appearing, is 
If— «',therefore «*—-»— « 'exprefles the number 
pf variations whereby one or ipcH'e faces mark- 
ed A may be upwards, therefore if all the 
faces marked B be now reftrained from ap* 
pearittg, then there being only »u^A, faces 
that can come up, we (hall hayei^-^'--. 
n^a^b^^ for the number of variations th^ 
can poffibly be made fo as to have A up, and 
B at the fame time reftrained from appear- 
ing, which being fiAtradted from «*— .ill^', 
tHe different ways that A can poffibly arife, 
when no Feftri£tiQn is made upcm B, leaves 
ii^i^j::!;^'^— JZI^'^^ITTiriS the chances for 
F 4 having 
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having both A and B upwards, this is evi-r 
dent, fo^ the chances to have A up without 
reftriftion upon B, certainly contain thofe 
for A coming up both with and without B* 
If now the faces marked C be fuppofed rc- 
ftrained from appearing, the number of faces 
tipon each die may be conceived reduced ta 
n — f, then the laft expreffion, by fubftitut- 
ing «— r for fly, becomes n—c^ — n—a—? -|r 
nmrjUT' — «— ^— f', which expounds the 
different ways that A and B can arife, C be- 
ing reftrainied from appearing; this taken 
from «'— «— 4% which are the chances for 
having A and B up, without reftriftion up- 
on C, leaves . ' 

for the chances that feme of each of the faces 
jnarked A, B, C, may be upwards, and con- 
fequently, the faid expreffion divided by «^, 
gives the probability required. 

Corollary I. 

By the fame procefs it will appear that if 
tf, by Cy and dy exprels the number of affigncd 
faces marked A, B, C, and D, refpedlively, 

the 
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the chances for having thofe faces all upper- 
xnoft^ are equal to 



V ft — ^ J 


n — a — c 


4 



H^^a — b — ^ 



J 

n—i—e—4 J I • 



=^1 



from whence the law of continuation is ma- 

nifeft. 

Corollary IL 

If a^ by Cy and d^ are equal to each other, 
the expreflion for the chances, for having A, 
B, C, and D, uppermoft, becomes n"" — 4 x 
;3r^' -{- 6 X »— 2a' — 4 X «-.3/-f- »— 4^% from 
whence we may obferve^ that the numerical 
quantities i, 4, 6, 4, i, are the uncige of a 
binomial rdfed to that power, whofe index 
is equal to the number of forts A, B, Ci D, 
and, in other cafes, where the number of 
forts A, B, C, D, E^ F, &c. is denoted by any 
given quantity (h)y the general theorem for 
the required probability that fome of the 
marked faces fhall be upwards, is • 



Ti^.^ji>c;;:ra'j{^i^^>^ 



n' 



ix^=2xt=?x^3x,3::;[^' 



b — Iv^ — *. 



Corollary 
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OrtiHiMy III, 

When (tt) is a very large number, and fa) 
a very fmall one, «', i!^\ Z^\ &c. are 
nearly in geometrical pqgreffion, or equal ta 

ttvdy, therefore the general theorem for the 
probability fought, ^omss I'^hxi'—^' 






3r 



'-i-4r 



}^ A , \rmch ibpiMfe equtd toP, then 



"■■ ' J. 



A perfon und^rt^es in «gh« throws witfc 
a fiHgte die, tQ fiu^ both aoe «id duce,. re*i 
quired his probabiKty of wippk^ tfcre 

«s=:6, ^=1, ^«s:l, Ar=:2> ^153=8, whcWCB 

- - fe»- "^ =r ^s^-^Vs- =1 nearly, 'the 
probability fought. 

Exampk II. 

To find in how many cafts with a fingls 
die ^ perfon may, upon equality of chance, 

. under- 
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undertake to throw aft the fix faces. Here 
is given P=fj ^=ii n=i6y whence r:=: 

fjCiLzi'^rzr I'l neariy, wherefore in i-i cafts 
Log. i-i ^ ^' ^ 

he has the advantage^ but in 12 the diiiid- 
vant^. 

Example HI. 

, To find in how many trials one may with 
equal chance undertake to throw all the dou- 
blets with a pair of common dice. There 
being 36 chances upon two dice, if we fup- 
pofe a fingfe die having 36 faces, and Gx of 
thofc marked A, B^ C, D, E, F, (becaufe there 
are fix doublets, xtpom a pair o£ common dice) 
it will be the very fame thing to throw with 
this fingle die, as with the pair, wherefore 

;j=36, ^= I, i&=6, whence rzsz^fS^I^l 

Log. I— ^ 

;=79- . 

PROBLEM XXXL 

A and B play together witli a pair of com* 
mon dice, A wins if he throws 7, B if he 
throws 6 s it is required to. find the prc^>Qr>* 
tion of their chances, fuppofing B to have the 
advantage of the firft throw, and the play 
to be continued till one of them wins. The 

value 



1 



76 TZg Laws of Chance. 

value of the whole ftake between them be- 
ing denoted by i. 

Solution. 

Let the value of A's expedlation be x, then 
B's is I —AT, now whenever it is his turn to 
throw, A*s hazard is x, but when it is A's 
turn to throw it is fometlung lefs, or his ex- 
peftation is greater, let it be;^, now as there 
are 5 chances for 6, and 3 1 for bringing it 
to A's turn to throw again, his expe6lation 
is in this cafe ?'^ which muft be equal to ^, 

hence ;^=^, on the other hand A has 6 
chances for 7, and 30 for *, that is, for giv- 
ing B the dice, A's expeftation is here ^^ y 

and muft be equal to;^, consequently x=f|-, 
and the odds as 3 1 to 30. 

Otherwife. 

Let A's probability for throwing 7 at any 
affigned trial be x, that of the contrary y^ 
u the probability of B's throwing 6 at any 
affigned trial, z for the contrary. From the 
nature of the play, the fecond, fourth, fixth, 
&c. throws belong to A, therefore zx-^-zy 
zx-\'ZyzyzXy&c. ov zx-^-z^ xy-^-z^y^x^ 
&c. equal to j:^, by fumming. up the pro- 

greffion. 
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greffion, is A*s total probability. The firft, 
third, fifth, &€. throws appertain to B, Xhtrt-- 
fore u-^zyu-^zyzyuy &c. or U'\-zyu -[- 
z^y^u-ifz^ y^ u, &c. equal to ^3^, is his to- 
tal probability. For x, y, «, and 2?, fubfti- 
tute their refpe6live values yV> fr* iV> and 
f^, the faid expreffions become if, and if, 
whence the odds as 31 to 30, the fame as 
before. 

PROBLEM XXXII. 

A and B play together with a pair of com- 
mon dice, A wins if he throws 6, B, wins if 
he throws 7. A takes one throw, then B 
two, then A two, and fo on, by turns, un- 
til one of them wins j required the jxropor- 
tion of their chances. 

Solution. 

Let p be the probability that A throws 6 
the firft throw, x that of his doing it in two 
throws, x\ that of the contrary, y the proba- 
bility that B brings up 7 in two throws, / 
that of the contrary, then i—pxyxx is the 
probability that A wins the game the fecond 
time the dice come into his hands, and not 
before, i^ x/ xxxy x at is that of his end- 
ing 
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\t% the play the tftiifd time the dice come ia* 
to his haiid$» flfid not before!^ whence A'^s 
total probabilky a/-4-r^x/<c + TT:^xy* 

y4.y*x'+/'x'% G^r. ^ by fumming the 

pr&greffion, equal to /^+1=^.^. Bythe 

very lame way of reafomng B's probability 
for winning t!he game wiH be found equal to 
,,3^ x;^ + 1"^ X y X x';^ + rr^ x/ X A;'xy XX jf 
^^fy.yx^'xyxxxyxxy^&c. aqual to 
7=pxy into i^./ x'+;^'";v'^+y' x'', &c. or 

^^^, and the proportion of Aeir drances 

as/ — /x'+ T^ X x/ to 7^ x;f, that is, as 
10355 to 12276^ by writing -^, -^^V> i^Vri 
tV^> i^irVi for /, a;, x'^ jr, /, refpeaively. 

P R O B L EM XXXm. 

Three perfons. A, B, C, ihrow in their 
turns a regular ball having four white faces 
and eigKt black ones, and he who ihall firft 
bring up a wliite one is to be reputed the win* 
xier ; it Is required to find the proportion of 
their rerpeflive proT^afcilities for winning. 

Solution, 

Let the iirobabilky for throwing a white 
face at way affigned trial be x, that for 

threw- 



J 
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throwing a black one at any alfigned throw 
yy then as the firft, fourth, feventh, tenth, 
&c. throws are A's, x^/Ar-f/x-f/x, 
Qc. Is his probability for throwing a white 
face before either B or C. The fecond, 
fifthj eighth, eleventh, &c. throws are made 
by B, therefore his probability is yx-^f-y^ 
x+yx+yx, &c. Laftly, becaufe the 
third, fixth, ninth, twelfth, ^c. throws are 
C\ it is evident that jf*;c-f.j^^;c4-^*x+;^"Xf 
&c. is Cs probability. The fums of thefe 
geometrical progreffions will give their re- 
^6tive probabilities of winning the game. 
But it is ealrly feen, that y^ is the conmibn 
ratio in each progreffion, and x^ xy^ xy* 
their firft terms, it follows that ij^,y, will 
expound the proportion of their chances that 
is in this problem i, —» r+V* ^^ 9> ^> 4- • 
Corollary. 
If ther^ be any number of gamefters, A, 
B, C, D» E, &c. playing on the fame condi- 
tions as before, their probalbiUties for win- 
ning the game will be proportional to i, jr, 

PROBLEM XXXIV. 

A, B, and C, out of a heap of twelve coun- 
ters, 'whereof four are white and eight black, 

draw 
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draw one counter at a time in this manner,* 
A beg^s to* draw firft^ B follows A, C fel- 
lows B, then A begins again, arid they (con- 
tinue to draw in the fame order, till one of 
them, who is to be reputed the winner, draws 
the firft white counter j what are their re- 
Ipeftive probabilities of winning the fum de- 
pofited, which fuppofe i ? 

Solution. 

Firft, it is evident that the play will be 
ended in nine drawings at moft. Secondly, 
that the firft, fourth, and feventh times of 
drawing, will (fhould the play continue fo 
long) belong to A, the fecond, fifth, and 
eighth to B, the third, fixth, and ninth to C. 
Thirdly, the probability of any one of the 
gamefters winning, when it is his turn to 
draw, is compounded of the probability of 
drawing a wWte counter at that time, and 
that of black ones being continually drawn 
before. The probability that A draws a 
white counter the firft trial is tV> but if this 
fhould fail, then the probability that he fuc- 
ceeds when it is his turn to draw again, is 
..»_. X tV X A X ^i viz. that of three black ones 
being drawn fucceflively, and a white one 
next. After the fame way of reafoning we 

get 
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S^i?rXiVxAxfxixf xfjhisprobabaity 
of winning when he draws the laft time. 
Whence A's total expeftation is ^f^^^^-^^x^x 
•i^xf +TTXTVxTVxf xtxf x^ B*s proba- 
bility of winning the firft trial is —x-^y that 
of his winning the fecond is AxiVxi^x^x 
4, and AxiVxAkf xfxf xl^xf, is his pro- 
bability for winning the third time of draw- 
ing> and hence his total expe6iation is equal 
to AxT^r+AXiVxAxf X J+rVXi^rxAic 
fxf xf xixf . Now as the third, fixth, and 
ninth times of drawing belong to C, his to- 
tal expeftation will be exprefled by rrXiVx 

f. (5r"| ">"*" * tXt^X-jJ-XxX y "J"TtX i i X y-j-X ^ x-f- 

x|xixyxf . Heiice their refpedlive proba- 
bilities ate -;-^, ^\y ^, or in the propor- 
tion of ^7, 53, 3^. 

^ih fame umverfalfy. 

Let (nj be the number of all the couft- 
ters, (a) the number of white, and (ij the 
number of black ones, CpJ the number of 
players A, B, C, D, &c. The probability 
that a white counter fhall be taken out at 
any afiigned drawing, and not before, is 

T^SxS rr-Ox „-zb,, (r being put for 
the afligned number of drawings). Now if 
r be taken equal to i, 2, 3, 4, &c. fucceffive- 

G ly. 



"1 



Vfi Wt man have the foHoi^ing fenes-, 44"f 

Put P=t-f, Q^rx^» Rt=^X;^X 
=L» fSc. and titt fdies becdfates ^ -|-ti' P4- 

1—1' « • «— •! > 



II' 



Qj. t^^ R +^ S, &€. whence the law 
o£ continuation is manifei^. This feries be* 
ing continued to (b^ i ) terms, will contain 
/the fum oi the eicpeflations of all the advieu- 
turers, becaUfe the play rauft neceflaril}^ be 
ended in 3-j- i drawings at moft, wherefore 
felefting frcnn the faid ieries the firtt, i -|-^, 

1 + 4 j>, ^c. ternls, their fum will give A's 
expeftaticri. The fum of the fecond, ± -f A 

2 -|- 1^, 2 -j- 3 j>, G?r. terms, is B's expe<£la- 
"tidh. Laftly, the fum of the third, 3 -f A 

3+2/, 3 + 3A 3 + 4A^^-tertAs, isC's, 
and proceeding in the fame manner with the 
remainihg gamefters, their exptdatioils knay 
be as elfily determiited. 

If tf arc unity, or there be but owe white 
counter in the hea^, the general feries be- 
comes -y- K i^-i + i+i + J, ^c, feecAufe 
fe==:^+i, whence ic'^ippears, that, if the 
whol? number of countetsbe exaftlydivifible 
by the number of players^ and at dte iadie 
. time but one white counter in the wkioie, 
\ there 



> , 
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l^ere will be no inequality in their fcveral 
probabilities with regard to their fituations in 
jrelpeft to the order of drawing. 

If tf = 4, then /? = ^ + 4, whence the gc- 

riierSd theorem in this cafe becomes i + '^ 
■ «— » 

I »— i>c»W J ^—4 f::i£ ^^ I «!:::i5 ^»— 6 



•—J 



be multiplied by -^ . If thfere are three play- 
ers, A, B, and C, and « = i^> tihe terms for 
thdr feverai expeftations will be i-}.-lJZ^ 
I 5x4X3 V _*- for A » I 7X6X? . 3X4xir 

>c ^ for B. and 'g^-?-4. ^^^5X4 i 'Xz^xT ^ 

for C, which rieduced to a iommon denomi- 
nattMT will ^ve the following proportions, 

viz. 



P^ A*. 
"J ixiox9±:=990 

5x 4x3:3s 60 



Fflr B. 

10x9x8=720 

7x6x5=:2io 

4X3X2s=s 24 

954 



For C. 

9x8x7==:504 

6x5x4== 1 26 

3x^2x1=! 6 
^3? 



Thofe foms Should each be n^ultiplied by 

izx'ux ' ;t>X9 '^° ^^^^ ^^^'^ refpeftive proba- 
bilities. But as this fra^ion is coQimon tp. 
2 them 



n 
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them all, the multiplication may be omitted, 
and the proportion of their refpeftive proba- 
bilities will be, as 1386, 954, 630, or divid- 
ing each by 18, as 77, 53, 35. 

But when the produfts or terms of the 
feries are many, it will be found very tedious 
to fum them up by common addition, where- 
» fore to fecilitatc the operation it will be ne- 
ceflary to make ufe of fome more expeditious 
method, fuch as that given by Sir Ifaac New- 
ton in his Principia^ s^nd very elegantly de- 
monftrated by Mr Thomas Simpfmy page 94 
of his EJays^ in the following manner. 

Let ^, ^ c^ dy Cyfy g^ by be the given feries, 
then by fubtraCting each of them from the 
next fucceeding, there will be — tf-|-^, — ^ 

+^, —c-yd, — ^+^, — f+/. — /-f ^» fo^ 
the firft differences. Again, taking each of 
thefe differences from its fucceeding one, we 
have a — 2^-f^, b — 2c+^, tr— 2^-f^, d^^ie^fy 
&c. for the fecond differences, in the fame 
manner the third differences will be — ^^-f 

3^> ^3^ + ^> —^ + 3^' — 3^+^> — ^ 
+ 3 ^* — 3 ^ +yi Gf^- and the fourth a — ^b 
-|-6^ — 4^/-}-^, ^—4^+6^ — 4,e-\-fy&c. 
Let the firft differences of the firft order, viz. 
-*• ^ -j- ^, be called D', the firft of the fecond, 
'viz. ^ — 2^4-r, D", the firft of the third 

order 
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order D'", Gfr. then we fhall have a-r^.a^ 

-|. 3 c-\-D"\ &c. and from thence by fubfti-r 
tutioh, 

a = a 

b = aJ^T>' 

Where the law of continuation is manifeft, 
the unciae of the values of ^, d. e^ &c. being 
-thofe of a binomial) railed to the fecond, 
thii'd) fourth powers, &c. Therefore if n 
be put for the number of terms in the pro- 
pofed feries, a: + ^+^ + ^> G?r. whofe fum 
we are about to find, the value of the next 
term in the progreffion after the laft in that 
feries> or that whofe place is defined by »-J-i, 
will, it is plain, be equal to a-^nD'-{-nx 

X D"", &c. And fo much will the faid fum 
be increafed by augmenting «, the given 
number of terms, by unity ; hence, by the 
method of increments, page 87 of the fame 
treatife, we get a-\-6-\-C'{'d-^e, &c. equal 

to»^i + «x^D'+«x^x'^D''+»x"v 
^lz!x^D'''+;^x--:^x'^x^x'-^^^ 
G 3 Let 
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Let us now fuppofe that three perfons^ A^> 
B,C, playing together on the fame conjikiond 
as in Problem XXXIV, the number of coun^ 
ters were loo inftead of 12, itiU preferving-^^ 
the fame number 4 of white counters ; and 
that it were required to determine the expec- 
tations of A, B, and C. Now becaufc here 
are 100 counters, if we divide 97 by 3, we 
fhall find that ^3 terms of the ferici will en- 
ter the computation of A, 32 into that of BV 
and 32 intQ the computation of C, for the 
play muft evidently be ended in 97 drawings 
at moft. Now if from the general ftries 

feleft the 1, 4, 7, (Sc. terms, until their miin-^ 
ber becomes 3^, the numerator of the fum 
of thofe terms, when r^uced to a common 
denominator, will be proportional to A's ex- 
pectation, which, by writing 4 for ay and 
100 lor «, is equal to 99 x 98 x 97^-9^x95 
5< 94 4- 93 X 92 X 91+90 X 89 X 88, ©y. cgfi- 
tinucd until the produfls are in number 33, 
wherefore the laft prpduift will be i x a x 3, 
li^nce we get, by inverting the term^, 
"■'■'. A 

3x 2x j==6 I^ D« 
6x cx 4=120 114 ,,^ D"^ 
.9X 8x 7=:5,o4 384 , ^70 ,^ D""=o.; 

i2XllXlO=:I320 816 ^^ 162 
15x14X13=2730 1410^^^ 

&c* Now 
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. No^ tp fin4 the fum of 6 + 1294-504 
+ l3aQ+2730.<^^- continued ta 33 terpis. 
Here we have ^ =2 ^, ;? ?=3 33, D's== i H^ D" 
= 270, D'"=i62, D""=o, whence the fum 
of the t^rmh by the above theorem, viz. 

^ ^ i:z} D"', &c. is equal to 8 162550, By 

proceeding in the fame manner with tl^e fp- 
cond, fifth, eighth, &c. terms, their fptp (neg* 
letting the common denominator) will be 
found equal to 7839216, B's chances for 
winning. The third, fixth, ninth, &ip. terms, 
h^ing ordered in the )ik$ m^ner, will giv$ 
<5'§ (jh^nfes ?qual to 7525584, or in lower 
terms, by dividing each by 198, in thp ratio 
4^225, 39592, 38008. 

Jf th^ number of all the counters were 
500, and the nnqiber of white ftill 4, then 
the number of t^ms reprefenting the chances 
. pf A, B, and C, would be 497, which di- 
vided by 3 leaves 2 remaining, whifh (hews 
the chances of A and B do each contain |66 
tenn?, Cs 165 only. But {ram what fa^ 
been f^id in the foregoing examples it will 
appear, (hat the firft or greateft produfts q£ 
the fever^i pjayers A, B, C, will be 499x498 
X 497 X 49^ X 495 X494 ^ 493 ^ 49^ ^ 49i* 
G 4 refpec- 
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relpe6tivcly, whence it follows, that the hS^ 
or leaft prbdufts will be 4x3x2, 3 X2x k 
5x4x3* for A, B, and C. 

PROBLEM XXXV* 

To find what probability there is that in 
taking at random feven counters, out of a 
heap confifting of four white and eight blacky 
three of the feven Ihall be white ones. 

Solution* 

Imagine the feven counters to be drawii 
pne at a time. The probability of drawing 
a white one the firft time is 7^* ^ a whitd 
one be fo drawn, then as there remains 1 1 
counters in all, viz. 3 white and 8 black, the 
jprobability of drawing a white one next will 
be -^7, hence tV x t^t is the probability of 
drawing twp white ones fucceffively, and in 
like manner that of taking out three white 
counters fucceffively is -^^^ x tV x iV- Now 
if three white ones are already drawn, there 
will remain only one white counter, whence 
the probability of drawing 4 black counters, 
will by the lame way of reafoning appear to 
be I X 5 X I X x^ and confequently that of 
drawing three white counters and four black 
• ones 
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fmes from the faid heap, isiVx?V^i^^f 
X A x^ X |==-i-. But as there is the very 
lame chance for them to (fome up in any 
other affigned order than is here ipecified, it 
follows^ that as many different ways as three 
things can be taken or combined in 7, (that: 
is 35, by Problem 11.) juft fo often (hould the 
aforefaid probability be repeated to give tte 
required one, whence -5^ x 35 is the proba^ 
bility of drawing precifely 3 white counters 
and 4 black ones, to which add that of draw-* 
ing 4 white counters dfld 3 black ones, nnz^ 
^, gives If, the true probability required^ 
becaufe it is generally underftood that ac-» 
cording to the law of play, he that does more 
^an is required of him to be a winner, is 
not deemed a Ipfer, unlefs it be expreffly agreed 
upon to be fo, 

Otberwife. 

•Conceive the 12 counters parted into two 
different heaps, one containing 4 white coun- 
ters, and jthe other 8 black ones. The com- 
binations of three in four are f x ^ x |^ = 4, 
and thofe of four in eight f x f x |. x f =70^ 
therefore 4x70, or 280, are the different: 
ways for taking 3 white counters and 4 black 
ones, from a heap confifting of 4 white and 
8 black* The whole number of different 

ways 
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v%ys whereby may he t^Ssm 7 counters oat 

iWbws, ihat ffa, ia the protabihty of drwr* 
ing three white counters and not more, to 
which add that of taking 4 white and % 
Wack, vix. ^*T» the fum ff is the reqnirc^ 
probability, the fame qs before. 

•i' CoroUaty I. 

Let |i?j be the number of whit« counters, 
(b) the number pf black ones, (n) Miwk 
of <? and ^, (c) the nitnber of counter? to b9 
^9wn from the heap, (p) the number of 
whjtf counters to be found precifely in ^^ 
mvmc — /. Npw fuppofe the whole nun^r 
bfr of counters plv?4 in two heftp§, one qqih 
tajning all the white counters, tlic other all 
the black ones, the combinatio^p Qfp things 
in (a) being -^ x'^x^y>;, and thofe 6f 
«f in ^, 4x^x.^*x^Y«:i, it follows, 

will exprefs the different ways by which p 
white counters, and « black ones, can be 
drawn, this being divided by ^ x ^' x ^ 
(c)y being all the (different ways that (c) 
i^gs can be taken in the number f/y>l gives 
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the probability requireii,. equal tip « i » ... u .. . 

•f x^>^?r>;^ntQ4x^x^^3<^.y („y 

or by aftual divifion equal to T^T^'Y ^^^^ 

I ^ _ mjk^ 

Now to contrai5t this pxpreffion a^ much, 

a^ pplSWet let th? depouunator be parted 

' into two f^itors nx^^^i xSZTix^T^ (^^^,^ 

and ^ X ^— I X 2^^^ x *-^s ff — <^j whiqh may 

Ibe done becaufe 4-|-^ = ;7, whence the ex-' 

prefflon becomes i i-, — > .iu ^. ...5 ■ 

' ' _ ' ==— 7— »r- « — InxO -t J — - — 

1^/^S/^^ jj^j ^j^ j^^ ^^^j, .g ^^ 

to * +« n,- f X ^ +<«'-^' "• « X H*-*^' X ^x«^^s^ 
(«i«-tf4'/'^ tburefone the required prob^bW 
Uty by thi? cftntradtion becomes 

r— 3 (p) into ^^Xtf^f— ix«— r— 2X«— f^3 <^tf+A^ 
by writing/, n^ and (7-pi^, for their eqoals 
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c^^Mj a-^b and m^a^^c^ relpcftivclyJ ^ 
If/=o, then c=m, and i-x—x^ (c), or 

^x~rx^^=^ (^tf/ is the probability for 
taking precifely (c) black counters. 
Corollary 11. 

The probability of taking c, or a greater 
number of black counters, is equal to the 
fum of the feveral probabilities for taking 
precifely r, 1.2.3, ^^- (^"^P) black ones, fob- 
trafted from the probability of not taking 
^-.i black ones precifely. 

Example I. 
There is a lottery confifting of 1000 jtick- 
cts, among which are three particular prizes, 
what is the probability that a perfon in tak- 
ing 30 tickets fhall have all the three prizes? 
In this cafe it matters not whether there arc 
any other prizes in the lottery befides thofe 
three particular ones, therefore the remain- 
ing 997 tickets may be all confidered as blanks, 
hence ^ = 3, ^ = 997, «= 1000, cz=%Oy 
/=r3, and the probability fought equal to 

4X|X| into 30X29X28 , _ , , 7 _ 1 nefirlv 
1000X999X998 — Tin: i 5^0 — 4 09*7"^***V' 

Example II. 
The fame thing being fuppofed as in the 
laft ex?imple. Let it be required to find the 

proba- 
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probability of taldng one or more prizes. 
Here tf i= 3, ^ = 997, « = 1000, c =s 30, 
as before, but ; = o, then ^5^^^ 

l^^oCot is the probability of drawing all 
Iblanks, which fubtradcd from i leaves 
//yVo V o^ for that of not drawing all blanks, 

jor the probability of drawing one or more 

:prizes. 

Example III. 

> In a lottery confifting of 40000 tickets, 
among which there are three particular pri- 
zeS) how miany tickets muft be taken to make 
it an equal chance that one or more of thofe 
prizes Ihall be drawn? Here « = 40000, 
^^ = 3, ^ = 39997,^=0, whence becaufc 
' (n) is a very large number, the expreflion 
tiixti^x=-V^; becomes ri^x^-'xtis 

n n — I ji — 2 > -^ n n n 

(a) strj nearly, equal to ^* which muft 
be f, therefore f = V— == 8252^ 

Example IV. 

In a lottery confifting of looooo tickets, 
in which there are loooo prizes, and 90000 
blanks, how many tickets fhould be pur- 
chafed to have an equal chance for one or 
more prizes? By CoroL L^x — x—x^ 

(e) 
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.{tjf b the pfobabUi^ oi dravnoag ^ tid^ts all 
^blan](9, whwefore becauie n ^d k^st m dus 

caft v^rjr large numbers, we may rejeft the. 

nuitttrkd quantities ^ incohfiderable, which 

dpne^ It becomes ^^ this fubtra^ted ittitii i 

,k&v€S th« probability of drawing one or mcnre 
^prisses in the required number of tickets^ 

hence i— — = f, and confequently i:«: 

^^<g'^ _^3^1^ ^ — 6 6 nearly 

which diews that in taking ^ tickets the ad^ 
veAtiirer has foiAething more thdH an eqtial 
chance for one or more prize*, but in ta^ng 
6, fomething lefs. 
It may be neceffdfy here to dbfewe, til« 

as the expreflions ^xgx J?,x£? (c) =.^x 

T^x ^^^^i^) ^^^ ^^ t^ each.other, as is 
evident by Corollary I. the reader may conr 
elude that either of them would have ferved 
for the foliilibn of the t^o iaft exartiples j bifl: 
notwithftanding they we afike, yet when the 
numerical quantities in each are reje^ed,they 
differ very much, the former then becoming 

^, vrhich k a theoi^em rdalsng to throwing 

of ^ce> id 9iKj be fottL by the itddft giv«& in 
tibe intfodu£lk>n> sind coin&queMiy: fuppofis 

the 
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■ the lilb of 4f t6 ^, GOHdnudS invftlkble. <^ 

' W&ereforte in 411 calBulatidnd of diaioe^ i«- 

:lBtti^ i» V^tftrks) the ab»¥e (kfedttm will 

f«T>V9. deflate, ^md fttori ^fpecinlly m t)iofe 

caies wherein the rado oi* ilie thanks to die 

priz^ ixiay a<!liiiit of great ^It^ration, as ip 

the third ixara{)le, WbeW, theft being bWt 

.three ^^^B^ in aU, duat riiti6 mighl very pio- 

bahly change from ^-yi^ to that of equality, 

4unng die drawing of the lottery, fiut when 

. the proportion betweoi die blanks and prizes 

ts dften repeated, a^ indeed it ufually is in 

: tonsrteiS) {troblem^ ^^^ Sift may be Iblv^ 

fufficiently n^ die&uth hyooMfidtfing them 

«8 tiiefe depending on thie csy(ting of dice. ' 



PROBLEM XXXVI. 

What is the probability that In'taking at 
. faih^Mli ^Dit^^rounteFS frdfii a heAp coiAfifting 

<^ {(1^ White txjunters^ '(b^ bbck ones, and 
i/^ rcfd ones^ there fhatiltili come oat pn- 

dfely (r) of the firft coiour^ {i) of the fe- 

cond, and f /^ of the third ? 

S o L u T 1 o ti. 

Conceive the tovinters diftributedintb three 

!ieaps, one h(9i> ciofttaining all the red ones, 

another ^ die bla(^ 6nes, and the third all 

* the 
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.th^ white ones. Now find the feveral com-: 

.binations of (r) things in (a)t dioie of (ij 

things in (b)y and of (t) in (c)y which aife 

refpeaivcly -^ x^' x?=? fr), 4 x^ x*=?x 

^ (si and f xi^' X ^ xt=-Y/;, corifequent- 

JyT'^^'^Tr'-^i^to-fx^x^x^V'/ 
into y3<~' X i=i X ^' ('^^ are aU the differetiit 
. Ways by which the affigned counters can be 
taken^ which bong divided by thecombina-: 
tions of (m) things in (n), viz. -f- x^ xl^ 
X -7^ (m) gives the probability required, equ&I 

iVetf^, This method of folution extends tor 
any other cafe of the problem, as when there 
are four or a greater number of colours in 
the propofed heap. 

Example I. 

A wager§ with B that from a heap of 36 
cards, viz. 10 of each fort, hearts, fpades^ 
and clubs, he will at a venture draw three, 
fo that there Ihall be one of each; req^uired 

his 



u 
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his probability of winning ? Here «, ^, and 
tf, are each = 10, and r, j, and /, each= i, 
« = 3, » = 30, and the probability fought 

Example II. 

In a heap of cards containing 10 in num- 
ber, wherein there are 5 diamonds, and 5 
citibs $ what is the probability that in draw- 
ing 5 of them at random, there fliall come 
out two or more diamonds ? Here « = 10, 
?» = 5, tf=5, ^==5, r=2, i5=3, whenge 

we get ^^m^fl^ that is, ^W* the pro- 
bability of taking one diamond precifcly, 
which fubtradled from x leaves \~^ for -the 
contrary, wz. for ha>dng either more than 
one or elfe none, but ttt is the probability 
for taking all clubs, therefore rH—rfT o>r 
•Ifl is the probability of drawing< two or 
more diamonds, 

PROBLEM XXXVn. 

The fame Aings being fuppofed as m the 
laft problem, to find the probability that in 
drawing the coilnters fingly, the (p) firft of 
them fliall c«me out of the firft fort, and the 
:^ext after of the ^cond fort. 

• H ^ Sotu- 
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Solution. 

The number of the firft fort being (a)y of 
the fecond fort (^Jt the whole number of 
counters (nj^ the probal^lity of taking oite 
of that fort whofe number is (ajy will be -i-, 
if this be fuppofed to have happemd, there 
ronains O'^i of that fort* anci therefore the 
probability pf taking one of thofe next ts 
^, that of fuccee^ng twice fucceflivdy b 

T ^3r> ^'^^ confequently the probability of 
taking all the firft (pj counters of the firft 
fortis-^x^x — x'^^.GfiT. (pi Now if 
thefe ftiould happen to be fo drawn, it will 
follow, becaufe the probability of taking one 
of the fecond fort next is ^^ that -^ mul- 
tipUed by f xS x:^:kH?, &c. (p) or 4- 

x;;^x'^>^;xSr/+i; »3 theprobati- 
lity required. 

PROBLEM XXXVffl. 

The chances for happening or failing of 
an event in anyone trial, being equal^ in 
how many trials may I undertake upon equa- 
lity of chance, tjiat the propp/w ?yejit Ibiall 
happen (r) times or ofit^ner? 

SOLU- 
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Solution. 
Let (a) be the chances for happening of 
f4ilmg at each t?ial, (x) the numb^ fought; 
By ^nb. VIII. the probability of happening 
(r) times, or oftener in x trials, is equal to 
«'+«'y.«*-|-Jfx^V*+xx*=-\^tf« (r) 

^ ' ' ' ■ ■ ■ ■ ■ ^ 

which ro\jft be i. Wherefore fince one half 
of the number of terms of the binomiol ^* 
mqft be equal to the other, it is evident that 
*=2r— I, becaufe the whole number of 
terms of any power of a binomial is equal to 
the exponent of t|i^t power plus i. 

Example I. 

In how many throws with a regular ball 
having 13 red, and 13 blacjc feces, may I 
\ffi^^q tp iMk'f '^ ^ likely thjt 4 red f*. 
99» (hjlH i^ffw 9» 4 t^lack onw ? Here r==4, 
whence fl{s*;7, th^t i? in 7 throws it is juft 
a&piobahts ^9t4 (^ ^9C<39 ihs^ come up, as 
net. 

Exampk II. 

In a pack of 26 cards, 13 of which arc 

]jlack, and 13 red, if 1 1 cards be dealt, how 

many is ther« an equal chance of being T«d 

<me8? Here is given x=i I, whence r==6. 

H 2 Notct 
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Ncte, In this example the folution is not 
quite exaft, becaufe the number of cards in 
die pack dimini(hes after each trial, whereas 
in the other, the number of faces upon the 
ball continue the fame after every tria^ 

PROBLEM XXXIX. 

There being (a) chances for an event hap- 
pening, and (6J chances for its failing ; in 
how many trials may one undertake that the 
faid event, upon equality of chance, (hall 
happen once or oftener. 

SOLUTIOM. 

Let X be the number of trials fought, hf 

Problem VIII, - — ; is the probability that the 

propofed event does not happen at all in 
thofe trials, which by the nature of the pro- 
blem muft be equal to v, whence 2xA*=: 
7+1*, and by taking the logarithm of the 
equation, we get xxLog.b'\-Log.Z:=si^x 

Log. 7+h, :v = ^ by writing n for ^. If 

in the equation T+P = 2 x ^ % we write/ for 

--, it will be changed into i+/= 2, which 

.in Logarithms is xxLog.pf^i:z=:Log.2. Now 

if 
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if a=:b, or /=!, X will be = g^ 






But if / be fmall in comparifon with unity, 
let the logarithm of 1 4-* be exprefled by a 
fcries /•^2/*+-y/'_^*+-^/^ &c. by 
taking only the firft term we get / a: == Log. 
2- = 0^693, orpx=: .7, nearly, and x^''-^ 

we had before / x = i , in which cafe *:=— , 
from thefe two values of x, we may infer, 
that in all cafes it may be taken equal to ^ 
■-)- 0,3, be the value of (p) what it will. 
Example L 

In how many throws with a fingle die 
may one undertake to throw either the ace 
or duce, upon equality of chance ? Here 
/8f;=2, ^=4, /=i, whence x?=:= 1,7. 

Example II. 

In how many throws with a pair of com- 
mon dice may one undertake to bring up 
both aces ? There being 36 chance? upon 
two dice, and only one chance for bringing 
up the two ^ces at any one throw, it follows, 
that ^= r, ^=35, /^=tV> bence x=24,85 
which, (hews that in 25 throws it is fome- 
thing more than an equal chance, that the 
two^ces fhall come up together. 

H 3 £^- 
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Eicampk Hi. 

Suppofe a lottery confifting of a very freat 
number of tickets, wherein the blanks are 
to the prizes as 39 to 1 5 to find how many 
tickets muft be taken to make it an equ^ 
chance for one or more prizes ? Here 0= i , 
^=39, p^^-^i whence x=t:27,6. 
. Note, The folution of this exatnple k not 
fo exaft as the folution df the others, be£ai»fe 
the number of tickets drawn diminifh the 
number of thofe remaining in the wheel ; 
whereas in throwing with dice the caie is 
dtherwife, the ratio ^ ^ to ^, contihnittg die 
ftnie, which in drawing trf tickets vAri4s> 
ahd is greater or lefs according to the tttrin- 
ber of blanks that havfe been drawn, yA Hffheii 
the number of tickets m the lottery is very 
great, the alteration of the rttio -^- bdmg tiien 

very finall, this method of folution wiB bcfufEh- 
ciently near the truth. Thefe examples itoight 
have accurately been folved by the fii-ft the- 
orem, viz. ^=I^;:^ZZ^> b^t the latter 
method being much more expeditious, may 
perhaps be thought preferable, 

PRO- 
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PROBLEM XL. 

Things remaining as in the lad problem; 
it 16 required to find the number of trials ne« 
cefiary to make it an ecjual chance that the 
event Ihall happen twice or oftener. 

Solution. 

It appears by Prob. VIII, that -— C=«5 — 

18 Ae probability that the event does not 
happen twke or oftener in * trials, therefore 

i>*+xi*-'^=Txr+7*or i+Z^ssS'j 

Zs^Atit^.~^^9SLXxLQg.r^t^^lAg.2. But 
as thefe logarithnos muft be expounded by 
ieries, it will, in order to make thofe feries 
converge fwif^» be convenient to iubftitute 

2-(-v fo^^ P^y whence Log. «w+3 = ^i^x 

Log^'TTp'^Log. 2. Now the logarithm of 
m being given, that g£ m-\'Z is equal to 

-^ multiplied by i ^±^^'^1-^^' 

m. For tlie inveftigaticMl of this ufeful feries 

fee Mr Mac Laurins Fkxioasy page 679, as 

this feries convei^es very fwiftr it will be 

H 4 fuffi. 
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for px put r+v, we have i -f-r-f v+^** 

¥^-i-'^(r) =r+0 . or by 4- 
panding the fevonl terms^ i-^r-f v-|* 



J+£l"F> 

a ' 



a=»T£i7 



2 



7i Ml 

T I I 






CO 

I 



i i ^ ^, 

-17 ij? "-\^ "i" 

iH -J- ti- "i ^ 

•4- + t ^ 

+ + + t u 



1 1 



91 *H 6»|« 



■V" 



.'^ WU. 



73ft Lowi of Cbanek, 107 

=/ then ^^.,^+^+^^'4.*^.-^. 
=* Ltd y^and confequently the logarithm of 

L^. r+i, ^ logarithm of i+> is ^i.. 

^^4.^^!!, ^f. but the logari^n of the 

cither fide of the dqU^tltih iibt bsifig fo e^j^ 
obtained, it will be ^toptt fO^ew the ttt" 
vdftigation of it. *11ie flimbn of thfe lo|fi- 
lithtn of any quaitdtvisieqaal to &e dOxion 
of that qtiandty divided 6y th<i t^tnu^ty ^- 

m, whence ,^+,^^+^,4^. ^f- » Ac 

3 
fluxic^of thelog^?id)»h)«^ait«d. Now to 

find the flut^t> &ft Ai^idfe i. t^^f^b ^g v\ 
&c. by ir</^2tf'y4-/'6''+^©Vr.asift 
common arithftietic Secondly, multiply the 
quotient, viz. ^^^g^i^+iS^ 

+^*,S'tf.by*. thirdly, find the Auent 

of each term. And laftly, correla the fluent 
by adding the logarithm of 2 d, (for v being 

made 
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made equal to nothing, the whqle vanifhcs j^ 
whence the trac fluent is Li^. 2 ^plus ^ -f- 

tor-f vinto 1 — 4"+ j— ^i^^-equalto 
r -f- V ncarty, j> being fuppofed very fmall, • 
by proper reduflion we get v+ ^/xT:^ /'^*^ 

edxe^d 
this laft put 2;, and for the co-efficients of v^ 
V*, v^y GV. put I, B, C, D, &c. whence by 
reverting the feries we have 1; = 2; .;-. B 2;*4- . 
aB* — CxzS Gfr. therefore ^ x = r + 1; is 
cqjual to r-|-«-7-B 2;* 4-TBnic x 2; S^ or 
becaufe the feries converges very fwift, / x 

= r-f 2: nearly, that is, equal to "^^7—^^"^ 
X 1/, . by reftoring the value of x. Now if r 
he taken equal to 1,2,3,4, 5, &€. fucceffively, 
/x becomes ,69314, 1,6784, 2,6743, 3,6720, 
4,6709, and 5,6702 refpeftively, confequent- 
ly, from hence it appears that the difference 
between! any of the correfponding values of' 
r and px^ is very near conftantly the fame, 
^^^- iV> and that when p is very fmall, x= 
~^, but when 41;=^, xistheA = ^y^ by 

Probkm 
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TrobkmXXXVni. Therefore as the value 

of/* is ever between r— ,3 and 2r— i it 

. follows, that X may in all caies be taken equal 

Note, The hyperbolic logarithms arc ufed 
both in this and the foregoing problem. 

Example I. 

In how many throws with three common 
dice may one undertake to throw the aces ? 
The chances for failing at any affigned throw 
are 215, for happening only i, whence ^===1, 
i=:ai5, x=:~xr:::;j+r— ,7=150, r be- 
ing in this cafe r=: I. . 

Exampk II. 

In a lottery confifting of a very great num- 
ber of tickets, wherein the blanks are to the 
prizes as 9 to i, how many muft be taken 
to make it an equal chance that 4 of them 
at leaft fliall be prizes ? Here j=z=i, ^=9, 
r=4, whence x==36, the number required. 

Exampk IIL 

Suppofe a lottery like.the foregoing, where- 
in therp are 3.9 blanks to one prize, how 
many tickets muft be puI^chafed that the 
buyer may have an equal chance for one or 
' m9re prizes, ^=1, ^==391 r=i, and;v=27. 

Example 
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Bxaupk IV. 
In a paek of 52 cards, coniil^ng of' 13 of 
each ilHt, if 13 eards hp dealt to me, Ke>w 
many may I on equality ei (^apce expe6^ to 
betrompt? In t^cafit there. bgi^D 4^9513, 
*=39, awl ^s! 13 tftin4r» vflyfhhytber 
equation above wUl Ije f^und equal to 4 
nearly ; therefore in the game of whi^ it is 
fomething le& than ^ equal chance for any 
particular pl^iyer (the dealq: excepted) having 
4 trumps. 

'Exampk y. 

A perfbn playing with a finite die^ dstep- 

mines to caft it (m) times, hov many tifots 

may he underta^^, uppn equality of chance, 

to tow gQ 9CP ? Jiere tf==i, ^=5^ aft^sar, 

P R O ? I* E M Xt,II. 

Any number of chan<^ ^^^§ prppo&d, Xo . 
find the probability of their bdng produced 
in any aifigned order, nvithout any limita- 
licm of tiiQ number of ^k in wh^|i they 
may happ^ to be produce^. 
Solution. 

Let the propofed chances be </, 4. f» 4 ^>^ 
9nd this the order in which they are to Be 

produced. 
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produced. The probabiGty of producing a 
m Is C^:;^d+l^+c^(i+e+f) ^, that pf 

preduqog M fiift and (^) next is -t x~j, 
the probability of producing 41, i^ c, before 
onyofdiereft^ but in the afHgned order^ is 
— x;^x;p-7-;i and by the fame fort of pro- 
cefs we get the probability of producing a, b^ 
Cj dy e^ before^ and in the aOigned order, 

- «X*XrX^X# 

eqqaltp >^ — u^-^.^^^ ■ Sl ■ x ' ■ / '; 

iviienoe the law of continuation is manifefi:. 
Let it be required by way of example, to 
find the probability of throwing, with a pair 
of common dice, the chances IV, V, VI, VIII, 
IX, X, before VII, without any reftrl6Hon as 
to the order in which thofc chances may hap- 
pen to arife, but only that they may all come 
up before VII. Let the propofed chances, 
or rather thofe for their happening, viz. 3, 
4, ^y ^» 4* 3> 2i^d 6, be called a^ by c, dy e^zxA 
my re^dively. The prpbabiUty of throw- 
ing them in an affigped order is— — 

■ ^ + ^XfX 

^ ' —■■-rr- ^' iPk " ' W i ll J v^i'^'^P Wui ' juMi P' w • ^- -' y" J ^t > '" 

^ ' — ' j. \ . But as 

that is not the thing particularly here re- 
ijuired^' only that the chances (mj may come 

up 
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up laft, there will be as many different part* 
like this, as there are changes to be made 
with fix letters, which being 720, we fhall 
have fb many parts like the above to.be add--> 
ed together, in order to have a compldM fb-> 
lution to the problem. But the chances IV 
and X, V and IX, VI and VIII, being vt^ 
ipeftively the fame, thofe 720 will be re- 
duced to 90, which added together, and the 
film multiplied by 8, will give the probabi- 
lity required; yet notwithftanding this reduc- 
tion the operation would be ftill very labo- 
rious, if not altogether impracticable, for 
which reafon it will be necellary to have an 
approximation, by fuppofing all the chances 
except that which is to happen laft, equal to 
fbme mean chance which may be found by 
leeking the feveral probabilities of throwing 
all the propofed chances before VII, and 
taking \ of their fum for the mean probabi^ 
lity, whence the mean chance is known. In 
the problem before us, the feveral probabili- 
ties of throwng all the other chances are ^, 
T5-, tV, iVi tV> and f , their fum is Jl^, \ of 
it is -,^f- nearly, the mean probability. Let 
z reprefent the correfponding mean diahce^ 

then -T-^ = tVv* and 2J=:3ft> now that ex- 

. preflion 
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preffion which b^ore denoted the probabi- 
lity of their being thrown in an afligned onfler 

i asXjBXaXsfXKXsB 

pecomes ~ " - -- i-» 

6«:-t« X 5«+« X 4«+w X 3»|w X 2je4.«x«+iw 

and^ere being no difference in their proba- 
bilities for coming up in different orders when 
Ihey are thus reduced to a mean chance, it 
follows that the laft expreflion multiplied by 
720 gives the probability fought, equal to 
1 oVo'o'^o'o o' But if it was farther required 
not only to throw all the other propofed 
chances before VII, but i]&> to do it in a 
certain number of trials, the problem might 
cafily be folvtd by imagining a mean chance, 
becaufe without which we fhould have often- 
times a^.many different expreffions to add up 
as there are changes in the propofed chances 
that are to be firft produced^ whereas by this 
method of a mean chance they are reduced 
to only one certain quantity, that being miil- 
^I^ed by that number of changes will give 
the probability reqiured. 

P R OB L E M Jam. 

To find the number of chances for throw- 
ing jwrecifely any given humbcx of points (p) 
In one thcow wth four dice, each having (p) 
or a greate; number of factr. 

X \,9 O L W- 



XI4- Ty^^. l^aws of Chamg. 

» Solution. 

In order to fecilitate the iblution of this 
and the following proUkm^ I fhall lay down 
a lemma which was cooHnunicated to me 
by my ingenious fiieml Mr JFilMam Bi^ae^ 
teacher of mathematics. 

Tlf^ Lemma. 

The fumof 1,3, 6, ic\ 15, 21,28,36, Gfa 
€bntinued t» (n) number of terms is equ^lto 



#f + I n 



jyetnofytrotioHt 



lxity=: 



i 



2345 
2345 
3 4 5 
2 4 5 
a 3 5 
234 
2345 



I 



^;v. 



• It i» evident by the fchone, that/:^ Y-f> 
j^6-)>- lo-f 15, &c, (n) and alio that xis 

=:^i+4-j-9 + i6-f'25> ^if. /V'y^ therefore 
2;r — «5s I 4-2 + 3 +4, tSc. (n)z=.n-\-\Y, 

7-. Ag^n, x-^-y = »-)-ix ^' x », whence 



3>' 



;=."* 



X»-|-»+lX'Jix»: 



»X<^iX«-H 



and^=:«x"-±ix:^ 

-^ 2 1 



^JB.Z). 



Now 
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Now to pro(»ed 16 the f<^udon of the pix)« 
!>leni. The chances fat (p) poiftts (when^ 
p(»nts are required ta be tbiown it is to be 
nnderftood! of p p<Mnts precifely) with two 
fubh dice are p*^iy becav^ with p^it ^— ^2« 
p — ^, ©v. points upon dither die, the ace, 
diice, tray, ^c. of the other may be com- 
hined, for tl^e fame reaibn the chances for 
(p) points with three of thoie dice are 1-4-2 
+ 3+4* ^c. /—I, equal t» ^* x ^. Now 
as 3 is the leaft number that can be thrown 
at one trial with three dice, it follow^ diat 
the chances iot (p) points widi four cKce will 

beequalto i'+'3-f-6-hw + '5>®^*/"~3r* 
by writing 3, 4, 5, 6, &€. p^\ for/ hi the 

abovt expreffion, whence by die lemma ~ >< 
^ X ^, are the chances for (p) points with 
four dic^ and thofe for (p) points with five 
dice, will be found equal to ^x^^t^^^, 
from hmce the law of con6nuktion is mani' 
fcft. 



The chances for (p) points with (n) fuch 
dice is^'x^x'^x^*, ^c, (ff^ij 

. I 2 PRO- 
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PROBLEM XLIV. ' :r 

Let there be three dice; each die having^ 
fpj or a greater number of faces, imagine 
the points on each die wh?re their, number 
is greater than Cf J to be red, the other points 
black, let one die be called A, anotl^r B> 
the third C 5 it is. required to find the chan- 
ces for bringing up (p) points in one throw 
'l^ith thefe dice, fo that the black part of each 
die may be upwards. 

Solution. 

^ ^ /rhc chancy for (pj points to as to hawre 
the red part of the die A always upwards arc 
equal to thofe for p—f points without rer 
ftriftipn. For conceive the black part of the 
(lie A expunged, and the (/) following red 
faces each diminiftied by fj), then it is evi^ 
dent all the chances that before fuch dimmu- 
tion gavcL (p) points with' the red part of A 
upwards, will now give (p—f)^ wherefore 
if we conceive the diminiftied red part to be- 
come black, and the remaining red part fuf- 
licicntly augmented, the die A will be juft as 
it was, at firft, coiifequently the chqnces for 
(p) points with the red part of the die A up- 
wards,, are exaftly equal to thofe for (p^) 

points 
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pdhts without reftridion ; proceeding in the' 
fame; manner Math B and Q it wiU a|^ar 
^at the number of chances for (f) points 
ijsriith the red jwts of A and B upwards, is 
equal to the number of chances for /— 2^^ 
without any reftriftion 5, and the chances for 
(^j^ points with the fed parts of A, B, C,' 
Upwards, equal to thqfe for p — 3/ with- 
Qtit reftrl£tion ;4he fame is to be underflood 
q£ 4, 5, &c. or:any given number of dice. 
;; The. ch^ces forf/j pomts>. without any 
reftriftion upon reU or black faces, aie. 
equal to .^'x^ (by the Corollary to. 

Problem XLIII.) from which fubtrafting the 
film of all the chances for thofe points fo as 
to ^have the red parts of all, or fome of the 
dice upwards/there will reniain thofe for (pj 
ppints with black faces only, thefe things pre- 
inifcd, let ^.— /±= ^ / — 2/=^, p — 3/ 
s=E r, then ^ x ^, * the number of chances 
for (pj points with the red parts of A, B and 
C upwards, fubtrai^ed from ,^x ^, thofe ^ 
for (p) points, with the red parts of A, B, or 
inpr^ upwards, leaves ^ x -^ — . -"7' ^ "T *^^ 
chalices' for (p). points with the red, parts of 
A and B, and the black part of C upwards, ^ 
boras the black part of C might have chang- 
I 3 ed 
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ed with d^er A^ or B, Ae .liift eipidScK 
T^'J^'-?^? ^ng iiiptepU«4 1^ 3 
fhews the number of (chances for (p) pointy 
vnxh one black and t:wp re4 f nces. Fipn^ 
~ x^ the chances for (p) {xnnts with the 
red part of A or mQre npwarids* fubtra^ ths 
fuoa of the chances for thf fame ppints witl^ 
all red faces, mth A «pd P nd, p UadE» 
with A and C red, B bbck, t^ zen^odef j 

^or^x^-2x^x^+^'^?be. 
ing multiplied by the number of comldna- 
tions of 1 in 3, -viz. 3, gives die chances fcj? . 
(p) points \nth one red f$ce, and two Uack 
ones, wherefore 3 x ^' )j: -^ -r 3 x 7^3« ~^, - 
the chances for (p) points ^th one tiack 1^ 
and not tDom, phw 3x^x^ — 3X2X' 
i=i X ~ thofe for (p) fioints wth two black 

faces predfely, bemg fu|)traaedfrom*7-*)^, 
the chances for (p) poi^t^ vdthout any re- 
ftriftion upon dther red or blapk faces, leaves 
the chances for thofe points with the blacks 
parts of A, B, and C, upward^, eijual to 
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— =rx=pint6 3. 
^'1:2 K— into I. 

1 » 

PROBLEM XLV. 

Otherthings renwivng as in the kflrpro- 
blem, let it be reqdW ta find the chances; 
for tiirowing (f) points in one throw with, 
four dice. 

Solution. . 

Put / — /= tf , ^ — 2/= ^, ^ — 3/=^. 
p — 4/= dy call the dice A, B, C, D. Now 
«=lx'5^x^^' are tiie chances for (p) points 
wkhthe propofed dice witboutrcftriaionirror.- 
Prft^.XLIIIA'-^-'x^x^ the chances for 
thofe points, fo a^ to have the red parts of A. 

B,C, or more upwards, "T '^T^*^ "T* ^^^^ 
for (p) pwnts with all red faces upwards, 
hence we get 'f ^'-=^x^'-ipx^xtr3, 

the chances iQr(p) points with the black part 
of C, and rod partittf A, % and D, dpwards* 
wliich bei^tttiiij^ieHiy 4, the given nam- - 
bw of cfice, ^tetije 'dances for ('//pomts 
14 with 
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with one blaci face, and the others rccl« 
Again, ~ x^ x ~ are the chances for (pj 
points with the red parts of A and B or vaox,^ 
upwards, from which fubtrad the chances 
for (p) points .with all red feces, and alfo the 
double of thofe for the lame points with A, 
B and C red, D blacky (becaufe A, B and D, 
may come up red, and C black) there wilt 
remtun the chances for (p) points, with the 
red pafts of A and B, and ^e black parts of 

C and D upwards, iequal to^x^x^-^ 

2x^'x'^xi=-'-|-i=?x^x'-=3,butasthere 
are the very lame chances for any other two, 
than A and B, bang red, it follows ^at the 
fdd expreffion bong repeated as often as there 
are differenf combinations of 2 in 4, wz. 6, 
will give the number of chances for p pcMnts 
with two black faces, and two red ohes up- 
wards. Our next bulinefs will be to find the 
chances for (p) points lb as to have one red, 
facie and not more upwards, which may be 

done thus, ^' x ~ x^ are the ch^ces for 

(p) points with all red faces, ^ x~x ^-n 

tilx^x^^ are thofe for (p) points with 

the red parts of A, B, C, and black part ei 
P, which muft be multiplied by 3, becaufe^ 

• the 
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the red part of B (h:C/ might have changed 

7 



w;th, D. Again, t^x^^x'^.-^ 2 x '^ 



X '-7^ X ^ + ^ X -j^ X — ^ are the chances 

for (p) points with A and B red,, C and D 
black> which muft be repeated thinp titn^jr. 
becaule the red part of B nught have chang- 
ed with C <h: D, iiow it isevideiit thar if ;the 
fum of thefe three expre0j|as. be f^btc^ed 
from the number of chances foi* (p) points 
with the red parts of A upwards, wki^t 
any fcftri^oii upon the othpiifi) 5i C, s«f JP, 

viz. from ''^x^x^^,the*€mainder:^^ 

'=?x'^ — 3X?=:-\xt=i>^'^ wiU be die' 

number of chances for (p) points fo as to 
have the red p$rt of the i^c <A -up,- without 
any other of rfie fame colour, which multi- 
plied by 4 gives the chance? for 7/j" points 
with one red fiicp and threcblack ones. By 
collcfting together thefe Icveraltrhances we 
get, :^. . / .;, 

I into ^^^"irX"T^ ^^^ (f) P^^^^* w*'^ *^^ ^^ ^^' 



into — X — x--7^ — 7^ ,» . .,.1. 

1*3 I for (f) pointi with three ; 

/-.I /— 2 1/^1 I rcdand one black*' ^ 

6 into 
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izl vf=.*«ili — . « V l'^* tw* led «nd tw» 

4into3x-px~x-^+] 



T"**"!" ** T* "~3^"T I whiioB* red and 
l^s iu.4 ^^i d—z C du«e black. 

x«^x^-#=.x^xl 

The film of dide being fdbtraaed fion 
^* x«=2x«=?, tbe number of chsmces for (p) 
poonts with fouf (bee without any reftriaion, 
will leave 

+ ^x'=-x-j-xi 

— -j-x — XYX4 
+ -7-X-7-X — x6 

--rx-7-x-px4 

+ ~X— X — XI 

The number of chances for throwing fp) 
points predfely, in cone throw with four €^>v 
fo as the black part of each may be upwards^ 
Now let the given number of dice be called 



n. 
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ft, then from tfair, and ^ preceding pro- 
fdoBb, llie ]«»r of condnuatioii may be lafilv 
dednced$ jfor the nusriber of fa£bors in ^<& 
line KU'-ri, «id tkdr Gdre^ndiflg liu- 
,mencal miil^£^ form the nades of a U- 
nomi^I 1 4- 1» rtiied to dia » powerj whiuKe' 
tys gmcral'theMmn, 



«— I .,«-^« 



*•*' i-^2 ^••-3 . «ip— 

Wheran a^p^f, h^P"^2f, cz^^p^if, 

Nt/ej The terms of the leries are to be con- 
tinued till fome one fs^r b^mes nothing 
or negative. 

Other" 
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Otberunfi, ' ., . . 

- Suppofe die hccs of each die to be marked \ 
!»*, r*4-'"S ''*> ^C' prbgrefliyely, fo as many > 
texms as are die number of faces upon each, • 
then to have.all.the chances upon tivofuch; 
^ce,r'+r*4.r'+r*>^tf. (f) (/'being the 
number of ^ces upon eadi die) muft h?; 
^uared, and for all, the chances.upon thiree^ 
the £iid exprefiion muft be cubed, whence' 
to get all the chances upon any ^(Bgned nut^-^ 
bcr (n) of thofe ^ce, we muft raife r^-\'r* 
+r*4-''*» ^f' ' -W to ^ « power. No^- 
in order to obtain the chances pf any inter- 
mi^ate number of points, between die lealt* 
(n) and the greatQft/% that c^'be thrown^ 
with any given number of dice (fuppofe thiree) 
we muft raife r' J{-r^ '\-r' -^-r*, ^e...i. r* (f 
being fuppofed^S) to the third power, 
which being done, and -as many terms as are / 
n^flary foi* oiir purpofe fele^ed therefrom^, 
will ftand thus, 







r' + 
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In this &ries the fum of th» co-efficienttf 
of the (ai&e powers of r, Idf^.than 10, is^ 
equal to i+^4~34-4> &^* continued to a9 
many tentis as are denoted by the given 
power le6 2, whence if/ be put for any fiidi 
power of fy thie co-effident of >' will be 
^x^. Now to find the co-effident of' 

any other "term when (p) the ei^nent of r 
is greater i^aa 10, ar for exam^e, the term 
r'*. Thefttlnof tfiefeveralco-e&dentsofr" 
is b-\-y-\'^-\-j-\-ff-^$-^d^-^'^,iSaztvitqpaX 

to r+2-f-3.r{r4} 4^5^64-7-|t8+ 9 H-'o+ 

6-1-84- 10, ^ i-|-3+j+4»(®'^-'«»i3>» 
equal to ^* x^, and i +2+3+4+5+2 
+4+6 +a+H^olc |^+ g>^^-f.4-f.5 X 3 b 
equal to /--./-^2 + *x^=^ or (putting 

/—/=«; ±2 XX i|»ii4tit»^ By 3, whidi 
fubtrafted frdm ^x^fci»W tix«=2^ 

AS IS 

JiiiX^x 3> ^ required ca^cffident of r % 
s= 46. If &e cp-efiici»t of any other term 
greater thsin .16 or 2/wieJDe ie(|uiced» it will,) 
by proceediiig.inthe fame manner, be found 
equal to (pjatting /.«. 2/sss ^^ 
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— r>^ — ^z 

ff the feiies r*-|-r*-f r»+r*, ^,f., .(f)U 
raifcd to the fourth power, and the necef&ry 
terms fekSbed therdform as before, iStit ca> 
efficient of any term of that power as r», or 
the chances for throwing (p) points with 
four dice will (putting / — £/= c, p»»/^f 
ifscd) bfr £wBd ^cgjoX to 



>;» x«x«f X I 
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x*7' 


X ,'x4 
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Which beipg die very fameexpreffion as was 
determined by the former method, it follows 
that the fame general rule would refult from 
this invefti^ation as before^ and therefore 
need not be here repeated* 

lEoiample I. 

Let It be required to find how many chan*- 
ces there art for throwing i6 points precife* 



whence-^ 
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ly, with four commctfi dice. Hcrc/=si6, 
ff = 4, /=6, /^/=.i0, /— 2/=4, 
whence Vx'i^x V — ?XTXfx4+fXTX7X 
6irsii2$y the chances required. 

Let it be required to find the chances fox; 
throwing 27 points precifcly, with fix dice? 

Her€/ = 27j,V^=6,/=:6^ ^=s:2l, A==:15^ 

f+VxVxVxVxV =+65780 
—VxVxVxVxtxI ==.^93024 
+V>yxVxVxVxM=+3O03o 
— rXl xfxf x^xfxf xf^ = — 1120 
and 1666 the number of chances Yought. 

Note^ As ftU the points equdly diftant firom 
the extremes, that i$ from die leaft and great- 
eft number of points that can be thrown with 
the propofed dice> have exa6Uy^ the fame 
chances for happening, it will be convenient 
if the given number of points be nearer the 
greater extreme than to the lefs, to u|^ in- 
ftead tnereof that number which is as far dif- 
tant from the lefler extreme, as the ^ven 
one is from the grftater. 

Example III. 
How many chances are there to Have 50 
points pipedfely/on nine dice. Here 13 be-' 

' • ing 
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iss^ as nHseid above 9 the l^r extreme, as 
^6 is exoeeded fay ^^4 the grater extreme, we 
have /cT! 13, «==9,/i=6, ^ = 7, ^i=ij 
therefore V x V ^ V >< t xf x V xf xl — f >« 
4xf xf Kf kix{-, or 1278 is the number re- 
jqoired. If this number be divided by 6 rai&d 
to tiie mitth power, i»«. 10677696, the quo- 
*»«* , ,^'^^76;;;^ fliews the probability of 
thiTowifig ij^'onecaft with mne dice 50 points 
pwtiftty, whence the odds as 7885 ta i very 
near. 

• The diaftces for {p) or a greater mrniber 
of points in one throw with (») dice, may be 
found by collecting together the relpeftive 
chances for throwing precifely/— i and all 
its infedbr points down to («), and fubtraft- 
^ their fma from /". Now the fum of 
aU Ae chan<Jes for /— 1, /^— 2, /— j» &c. 
down to («) inclufive, is equal to . 



— ~7"X-j- (n) mto n 

-f -7- X — f »; mto » X — 

— -p X — y«; mto « X — X -J. 

©•f. Off. 

. K , Which 
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Which fubtrafted from f^ leaves the nwefi^ 
ber of chances fpr (/) or a greater number 
of points. 

Example IV. 

What are the odds that in one throw with 
fix dice there (hall come up 15 points^ or a 
greater number? Here «=;6j /3=si5, ^^=99 
^=3, thcfe being fubftituted in the general 
expreflion^ it becomes equal to 405, the 
number of chances by which 14 points and 
all its inferior numbers may happen> tlys 
taken from 6^=46656 leaves 4625 1, whence 
the odds as 114 J- to u 

PROBLEM XLVL 

To find the probability of throwing pre- 
cifely two faces of one fort, and three faces 
of another fort, in one throw with five com- 
mon dice. 

Solution. 

Imagine the dice to be thrown fingly, then 
as the required probability ^cannot be any 
ways affeded by whatever the firft throw 

may happen to be, -^ will exprefs the pro- 
bability of throwing three faces of one fort, 
and two of another fort, in five throws with 
a fingle die, but under fuch reftriftion, that 

the 
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ihe faces o^ that fort which may happen to 
be thrown firft, do come up fucceffively,* 

therefore -g^ being divided by i X2, nnz. the 
changes that can be made with two quanti- 
ties, gives ^ for the probability of throwing 

the required faces, but according to fomc 
affigned order, fuppofe that in which they 
are propofed in the problem. Now by Pro^ 
bktn IIL it appears that the probability of tak- 
ing 5 fhingSi coflfifting of 3 of one fort, and 
2 of another, in the fame order in which they 
are wrote, is f^;, therefore 5±i is the num- * 
ber of different orders in which they can be 
takeii, ixA confequently ^ x — is the pro-^ 

bability of throwing three faces of one fort^ 
and tw6f of another, in five throws, but up- 
on this fuppofition, that the faces of each 
fort are cbnftantly thrown with the fame 
dice ; now as the number of faces of each 
fort that are to be thrown are unequal, thofe 
dice with which the two faces of one fort are 
fuppofed to be thrown, might have changed 
wiA two of thofe with which the three faces 
may be thrown of the other fort, fo that the 

Above found probability ii x "^ is but 4^ the 
K 2 reqjiired. 
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required, therefore being mult'^lied by 2^ 
give? the probability fought, eqvial to -^VtV* 

PROBLEM XLVII. 

Let there be a foUd die havipg [m) (ini^ilar 
and e(jual faces, and thole faces numbere4 
progreflively i, 2, 3, 4, fffj. it is required to 
find the prdDability of throwing precifel,y {p\ 
faces of one fort, (j) of another, (r) of a 
third, (j) of a fourth, &'c. in one throw witb 
a given number (S) of fuch dice. 

Solution. 

Put R for the number of forts of faces, F 
for as many of thofe. forts as are denoted by 
unequal quantities^ Now by fuppoimg the 

dice thrown fmgly, we haw ^x^x^^ 

^c. (R) for the probability of throwing pfe- 
cifely (/) faces of one fort, {q) of another 
fort, (r) of a third, {$) of d fourth, &c^ but 
in fuch manner, that the affighed number of 
faces of each fort niay come up fuccelSvely, 
without the interpofitipn of any other fqrt 
until that number be cbmpleated,; and as 
this probability is not ahy ways influenced 
by the order in which they mfty happen to 

arife, 
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arife> it follows that the quoSeht of £^ k ^' 
X ^; «^r- (R) divided by i, 2, 3, 4, Gf^. (R) 

wHi be the probability of throwing the af- 
ligned number of each fort of faces in fome 
'determinate order, as fuppofe that in which 
they are propofed, 'oiz. (p) firft, (q) next* 
^c. and by Problem III. we have - 

1, 2, 3, ^c. (q) into i> 2, 3, ^ c. fV; into 1,2,3, fcfr. T^y? ^^« 
8 X S^i X SII2 X S--3 X bll4, ^f. (S— /) 

for the probability of their being thrown 
in that order, confequently 

S X S^ X S^ X SHj X SII4, l^c. (%^f) ^ , 
« > 2> 3 > ^^- r!?>^ ^^^ I » 2> 3. ^^- ("^Z into 1 , 2, 3 , Wf . f i) isfr^ 

exj^reffts the number of variations that can be 
made with the quantities/, 5^, r, 5, ©^r. whence 

;;;^X;^x^,gMR ) multiplied by 

1,2.3.4. 5' ^"^^ W 

S X SlTi X S— 2 X S— V feff. fS— ^) 
" 1, 2, 3, tSTf. ^^y into I, 2, 3, yf. f»-; into i, 2, 3, {5ff. /"j^ 

is Ae ppebdjiUty of fucceeding, under this 
reftriftion, v/z. that the feces of each are 
eonftantly thrown with the faiAe dice, but 
as the feveral parcels of dice p, q, r, j, &c. 
(where the number of each is unequal) niay 
mutually change araong themfelves, it fol- 
lows that the laft mentioned probability muft 
be repeated; as often as there are changes to 
be made by the unequal quantities />, y, r, f, 
. . ■ K 3 ^c. 
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&c. that R X rZTi X R^2 x R^3, &c, (P) 
to give the probability required equal to 

ilx^x^*,(?r. (R).. sxs=-,x . 

^.2.S^S^ ^c...m ■ '• ^' 3. ^c. (,) X 
S^2X $^3,e5fc. (S^/) ,j ,j— —: 

l,2.3. tsfr. (r)y.i,2,i,l^c.(s)^c. ^^^ ^^^ ^ 

R— 2, Gfc. (P). 

Example I. 

Required the probability of throwing prcr 
cifely two faces of one fort, three feces or ano- 
ther fort, in one throw with feven common 
dice. Here /w=6, 8=7, /=2, 5^=3, r=:i, 
5=1, R=4, and P=2, whence fhe re-: 
quired probability is i^x-f^xixix^^^x 
Jti- — ». 75 600 Q- _j.i^ 

1.2.3.4 "^ * 7 9 9 S 6 *^* I * 96 • 

Example IL 

What is the probability of throwing pre- 
jcifely four faces of fome one fort, in one 
throw with fix common dice. Here i^=:6, 
S=(3, /=4, q=iy r=:l, R;?=3, P=i, 
the probability required == j^f^ pr riir* 

Example IIJ. 

It is required to find the probability of 
.throwing three pr a greater number of faces, 
of fome one fort, in five throws with a fingle 
die. . The probability of bringing up a dif* 

ferent 
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ferent face each throw is y-, which fubtrafl- 
cd from unity leaves f^, that of bringing up 
two faces or more of fome one fort, and again 
fubtra6ling the probability for throwing pre-, 
cifely two faces of one fort, viz. jf , the re- 
mainder f^ or ^y is the probability required* 

PROBLEM XLVIIL 

Any number (n) of letters, ^, ^, c, d^ e^f^ 
gy &c. or things reprefented by them, being 
placied according to the order or rank they 
obtain in the alphabet, and afterwards taken 
one by one as it happens 5 to find the proba** 
bility that of thofe letters fom« affigned ones 
(ball be found in their proper places, and thfit 
others of them ihall be difplaced. 

Solution. 

Suppofe the given letters to be a^ b^ r, d, e^ 
fy and that it were required to find the pro- 
bability that tf, i and c, fhall be drawn out 
of their proper places, without any regard to 
the remaining letters being in or out of 
theirs. The probability that i Ihall be taken 
out of its proper place is -J-, that of a being 
in its proper place and Ir out of his is i x % 
which fubtrafted from i, the probability that 
A ihall be found difplaced, leaves iV* the pro- 
K 4 bability 
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bability that both a and ^fhall he difpkced, 
this is evident, for the probability that b (h^ 
be taken out of its proper place without ye-, 
ftriftion,* certainly contains the prob?ibdUty 
whereby a and b may he both difplaced^ t^ 
gether with t^at of a beijRg in its proper place 
and b difpkced. Now the probability that 
a and b may be bo^h difplac?^ k^irji ti^e very 
fame as that of any other two letters, it fol- 
lows th^t tV is alio the probaWfity of b and 
f being drawn out of their proper places, 
from which fobtraft the probability of ^a: be- 
ing taken in its proper place,' and b and c 
out of theirs, viz. ^SVj th^ remainder t¥o is 
the probability of a^ by and c^ being ali thrc? 
difplaced. By the fame way of proceeding 
we may find the probability that any other 
letters, as a, b, r, d, may be all taken put of 
their proper places, by iubtra6ling from the 
probability laft found, that of a being found 
in its proper place, and at the famp time by 
c and d out of theirs. But in order to find 
the law^of continuation by which the invef- 
tigation may become general, let (the other 
things remaining as before) p be the AU^nber 
of affigned letters to be difplaced. The pro- 
bability that ^fhallbe difplaced without, aay 
j-eflri6lion upon the remaining letters, is i— 4» 

that 
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that of a beii>g drawn mits proper plac^; 
siM^<Mof \a$» h~x i-^^^y this takeni 
fyom I— ^, feavcs i ^ ^ + ,1^. the pro- 
bability that a and ^, or any other two let-, 
ter?, fhall be difpjfaced. If a ftipuW be drawn, 
fiirft, of whi^h the probability is ^, that of 
4 and £• .being afterwards dilplaced, will be 
*-^;i;-F=i^. wMdi-mritiplied by^; 
and the produ^ (ubtrafted from i— i r 

^lc^> '^^'^- 1^^ probability that ^ and ^ fhafl 
be both dilplaced without any regard to a 
being in or out of its proper place, leaves i — 

T+^*^i — or=xlS* the required pro^ 
bability, or that of a, b^ Cy or any other three 
letters being drawn out of their proper places. 
If fronr this laft found probability, which is 
alio that of ^, r, ^, happening out of their 
proper places, we fubtraft the probability 
that tf fhall happen in its proper place, . and 
h Ci dy at the feme time out of theirs, that is,: 




-Kk;i^x^x;;=-3 ^"^^ *^ probability that: 
a^ by Cy dy or any other four ktters IhaU all 

happen 
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happen out of their proper places. From 
henice the law of continuation is manifeft, 
the numerators being the unciae of the (p) 
power of a binomial, and the denominators, 

^, and' therefore the probability that (p) 
afligned letters Ihall aH be taken out of their 

proper pU« is i_^ +e^-^^ 

j- ^*"?"?"? . 6f.r. <i»+i). The pro- 

babUity that any affigned letters tf,i, f, </, ^<r. 
whofe number is (q),(hsS\. fall in their proper 

places is„xZITx«— x-^3 ^?>> ^^^'^^^ ^'^ 
wherefore the probability that(>|a0igned let- 
ters ihall be taken out, and (q) other affign- 
ed ones m their proper places, will (by writ-r 
ing«— y for « in the former probability) 

be exprefled by ^^^—^^^—(q) '^^° '-- 

Corollary I. 
If /-j-jszzw, the laft mentioned proba- 
bility becomes ^^—^^l^^—^^^yinto i^ 

i+T — ^3 + d; (n^q+i) equal to 
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x^+^xl^TT; ^*° Toii or .x;zix 
X iZj (i) by taking only fix terms of tiie 
ira6tions. 

Corollary U, 

If a givqi jnumber (q) of letters be to be 
taken in their proper places, an(} the reft out; 
of thdrs, then the probability df taking (g) 
affigned ones in their proper places, and the 

reft otherwife, bdng ^^^^r=~^^^ into i-^ 

« +T— ^ +^r«— y+iy^it follows,that as 
often as fg) things can be taken or combined 
m Cfjy that is » X ~ >c ~ fg) juft fo often 
muft the afore^d probability be repeated to 

;^ve the true value, hence » x ^ x ~* x ^* 

is the probability required, very Dearly. 

P ?L p B L E M XLIX. 

To find the probability of an event hap* 
pemng a j^ven number of times (pj without 
intermiliion, in a given number (nj of trials, 
ndt exceeding 2 p. 

Solution. 
Suppoie it were required to find the pro- 
bability that the propofcd event (hall happen 

three 



Aree times fiiccdEvely in fix trials, the chan- 
ges for its happeililig and fsuiing in each trial 
fcdng (a) and (by refpeftively. It is erident 
tiiat if the event happens three timte &cce(- 
fi^dy iafix trials; It. miift be either the i*,.2d, 

3*; ?V3'»4^ 3*'4* il*> of ^M^e'^, and 
alio that the triiJ pr eeediftg next to the z\ 
flie fy or 4* 'niuft fail i^6w let the ^ven 
number of trials be wrote down as in.the table 
herfe ^mKxed, wherein tiiie th^d cdimin t&a." 
taii^s thofe tri;^s in which the. event mu(t 
neceflarily happen, the fecond thofe in which 
it mull necefj^rily fail, and the Qrft column 
toiitfdris thofe trkls ki which it is indifferent 
whether the event happens or fails, the qtrah- 
titie^^ in the ^urth column are the goi3«- 
{ponding probabilities to the trials in the other 
columns, as the probability of happening 

three times fucceflively is -=^, or ^ (making 

a-\-h=:.d) that of faiHrtg riie'ltrft trial, and 
happemng the fecoiid, diird, and fourth, 
~ x^ and fo of the others. The fum of 

Aefe, wz. r + y-f— ^ H — • ji 



into j-jOr \-\-\.'\-iv.—J^\v,ji is the pro- 

~ . r- v~~~ , ■ — " 

bability required, equal to ;z— /x^ -j- i x 
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^, n being the given number of trials pro- 
vided it be not greiater th^ 2^ 
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Bxampk I. 

Let it be required to find the probability 
of throwing a propofed chance 5 times with- 
out intermiffion in 9 trials, when the odds 
for its happening at any afligned trial is as 
2 to I, then ^==2, 6z=: i, f=zs, *=9» 



«p 



Vidn^pxY + ^>^7i=T^* 



Example 
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Exampk II. 
What is the probability of throwing witlrf 
a finglc die the ace 7 times fucceffively iii li 
trials. Hcretf=i, ^±=5, ^ = 7, «=iry 
whence i^^i^i is the probability required. 

PROBLEM L. 

to find the probability that a propofed 
event fhall happen (p) times fucceffively, 
once or oftener, in a given number (n) of 
trials. 

Solution. 

Let it be required to find the probabifity of 
winnirig 3 times fuccdfivdy in 7 trials, fuppoie 
the probability of vrinning 3 times fucceffively 
to be denoted by e^ that of failing any affigned 
trial by^ puty^=;^, then the probability 
of fucceeding in fix trials is ^-}-3;f, by the 
laft problem^ but the propofed event (viz. 
that of winning 3 times fucceffively) may 
happen twice in 7 trials, for it may happen 
in the &ft three, and again in the laft four. 
The probability that the event may take place 
in the firft three trials, is included in ^+37» 
tiberefore J^x;^, the probability that the 
event fails during the firft three trials, and 
happens in the laft four, being added to the 
former, gives e-^/^y^^ ^)^, the probability of 

winning; 



7h Ldim of Chance. 143 

thinning three times fucceffively, once or 
oftener, in ytriab. Let the number of trials 
be 8. Now if the event happens twice in 8 
trials^ it muft be during the firft 4 trials, and 
laifo in the laft 4, but the probability of its 
happening during the firft 4, is included in 
e-|-4jr — eyj therefore iH^xj^, which, is 
the probability of its failing in the firft 4 
trials, and happening in the laft 4» being 
added to^ + 4^ — ^jr gives e-if-^y^^zey 
'^yy the probability required, and the fame 
method is to be obferved for any other given 
number of trials. But to render this inves- 
tigation more general, let us take n=:2p 
4- i> that is, for 3 write/, and for 7 write 
p-\-i9 then the probability of the event hap- 
pening once or oftener in 7 trials, will be 
exprefled by ^-f-^F xy — ey, in 8 trials, or 
2/+ 2, by ^+J+lx;^— 2^^— j)r;f, as de- 
termined above. Let «=:2/-f-3» if the 
event happens twice in thefe trials it muft be 
during the firft / + 2, and laft /-|- 1 trials, 
but the probability of its happening during 
the firft /-f- ^ trials, is included in that of 
its happening in 2/-|-2 trials, wherefore 
I— /— 2;rxj^, the probability of its failing in 
the firft ^-^-2 trmh^ and happening in the 
laft /-f- 1, being added to e-j-f+zxy — 2ey 

^yy 



: 144 ^ Lams nf ChoHCi. 

^yy gives i?-f fFix/^3r;r---3jrjr, Ac? 
prbbabiiitf that the event ioppens oDoe.or 
oftener in zp-^ 3 trials. It may be pi^oper 
here to ob&hre, that tJte quahtitka with 4he 
affirmative £i|pM in ^di of the fdrigoii^ pro^ 
l)Qbiiities» as e^p^ixy m the firft, t*^ 
t+ixy in the fecond^ and e^pf^xy in thir 

third, are each equal to «— /x^^-f. 1 xj? 
or Jmj x;^ + ^ (determined by the laff pro* 
blem) without any reftridion upon the value 
q{(nj, therefore ^;r, zey^yy, S^y+jyy^ 
are the qpUantities that muft be reipedively 
fiibtrafted from thofe to i^vc the probability 
required. Upon thefe principles the following 
table was coiiflru£led, wherdn the BrUt co* 
lumn towards the left hand fliews the quan^ 
tities that areito be fubtra£l:ed, and the (econd 
column the given number of trials. Now 
by inipefting this table the law of continua-. 
tion will become manifeft, for (nj beiag the 
given number of laials, «— 2/>.x ey willexprels 
the fum of all the eys as far as are neceflary^ 
thoie quantities not taking place until after. 
zp trials^ for which reafon cyphers are placed 
in the firfl column againil the tiials in the 
fecond column, lefs than 2/4"^- ^^^ ^^™ 
of all the yys is «— 2^— ix "— xyy, for 

they 



Tie Laws of Chance. 145 

they form an arithmetical progrelfion, whofc 
firft term is 0/ common difference i, and 
number of terms » — 2 /. The fum of the 
yyy^ is n — 3/ x '^^Z^' x '^^^ x^', and in 
like manner may the refpedive fums of the 
other quantities as ef^y^^ ey^y &c. be obtain-* 
ed, therefore if A, B, C, D, &c. be put for 
»— 2^ «— 3A »*-4/!i n.—^Py &c. we fhall 
ihall have the following feries, viz. Axey-^ 

x/+Dx'^'xBi^x./-fEx^x^-i^x^ 

x/, &c. which being fubtradted from ^ x 

T+ix^, or its equal TI^p xy-^-e gives the 

probability that the propofed event may hap- 
pen once, at leafl^ in (n) trials. 




H-3 

IP 



IP- k>4-/-'Xj;y 






4/ 
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ey-{rf±i^yy'-Feyy 






1£ 



P — » 1 



4/-I-2 <?;-+ jH^W— /^^0'>— ^Hx^y J 
4/+4 



I ^/ + 3^/+/ 

f ^J' + 2/+ 4 x;»^-.^?"4 ^;r_y — /T4X 

>. I A [^y-y^f^sy-yx—ffseyy—tTly^ 
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Eocan^k I. 

What is th6 probability of throwing a pro- 
pofed chance three times without intermif- 
fion, in ten trials, once or oftener, when the 
odds for its happening in any affigned trial, is 
as 2 to I. H6re ^2=2, ^ssi, m=io^ ^=3^ 

/« 3^ whence »-./x4 + 1 X J^=:|f, and 
again A=4, B=i, ^=^, ;f -=./-, there- 
fore hxey^hx^xyy^^Wy which 
being fubtrafted from tv leaves f ;-| for the 
probability in this cafe* 

Example IL 

in twenty throws with a fingle die, what 
is the probability that the ace comes up eight 
times fhcceffivcly. Here osszi^ brssL^^ »=2o, 

/=r:6, /2ss8, therefore «—/>x-j-+ 1 xji 
^rr7T<ri^> and A being in this cafe = 4, 
^ac:gi,>=:^, we have, A x^jf + Ax^ 

x^;^ =1,000000000003, which fubtra6):ed 
from the former, leaves the probability requir- 
ed equal to T^'^VV^sVWo nearly. 
Example Ilf. 

fn one hundred throws with a fingle die, 

what is the odds that the ace does not come 

lip five times fucceffively. In this cafe ^= i, 

L 2 ^=5, 



I 
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^ = 5, » = 100, </ = 6, p =: Sf whence 

»— ^x-7 + ^ ^ 7^ becomes ^, and pur feries 

==,000047748 nearly, which fubtra^ed from 

^, leaves .010261252, and.this taken from 

I, leaves the probability required equal to 
,989738748, therefore the required odds will 
be as ,98973, &c. to ,010261252, or as 98 
to I nearly. 

Note, The folution^ to this example is ex- 
hibited extremely near the truth by taking 
only three terms of the feries; and in all cafes 
where a near approximation is only wanted, 
a few terms of the feries will be fufficienL 

Mr Demoivre^ at page 243 of the fecond 
edition of his DoSirine of Chances, gives (but 
without the inveftigation) the folbwing me- 
thod of folving the foregoing problem. 

Let the probability of winning in any one 

affigned trial be reprefented by ^, that of 

the contrary by ^^, fuppofe (n) to reprefent 
the number of trials given, and (p) the num- 
ber ^f times to be won fucceffively, put ;c=t= 

\fjLh^ take the quotient of unity divided by i 
—AT — ^a;*— tf*A;'— <?'x*— i^V*— tfV~^ 

6 7 
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a^x'' ...... tf^Ar% and having taken as many 

terms pf the ferits refulting from that divi- 
fion, as there are units in^^-^Z+i, multiply 

the fum of the whole by ^, or by,^^, and 

that produft will exprefs the probability re- 
quired. 

Example I. 

Let it be required to find the probability 
of throwing any affigned chance three times 
together, in ten trials, when (aj and (b) are 
in a ratio of equality, otherwife when each 
of them is equal to unity, then having di- 
vided I by I — ;c— X* — x' the quotient con- 
tinued to fo many terms as there are units in 
n-^p-Aj^ I, that is, in this cafe to 10— 3-|- 
1=8 will be i'^K'\-2xxJ^^xxX'\'y 
^*+I3^* + 24x'^4-44x^ where x being 

interpreted by ^, which is in this example 
-I, the feries will become i -j-i-^x^f -J- 
iV+Ti-+it + TVr> of which the fum is 
f *4 = f |-, and this being multiplied by ^^ 

that is, in this cafe, by I, the produ^l will 
be iVri and therefore it is fomething more 
than equal probability, the affigned chance 
will be thrown three times together, fome 
time in ten trials, the odds being 65 to 63 • 
L 3 Example 
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Bxampk II. 
What is the probability that in fix duY^Wf 
with a fingle die the ace i]ball come up fouf 
times fuccefliveiy. In this cafe 4;;s=i, A;=5, 
« = 6, ^ = 4, whenpe, according to Mr D*- 
moivre'% preicription,take the three firft tarns. 
of the quotient arifing by dividmg unity by 
I— *— «• — x^ — x*y viz. I-fx-f2XX, 
in which for x write its value i, gives y/, 
this multiplied by .- J^ produces nVrr, the 
probability required. If the iolution to t|MS 
example had been derived from our method, 
the anfwer would have been jrz> which dif- 
fers from the former by ,,|<^ . But to find 
the reafon why thefe two methods do not 
SIgree, let us apply Mr D^mvr^'s theorem tp 
the folution of another examfde or two. 
Example III. 

Required the probability of winning three 
times fuccefliveiy in fix trials, the chances for 
winning at any afligned trial being 2, for 
lofing I. Here tf = 2, i = i, /=-3, x=sji 
and « = 6, whence, dividing unity by 1— « 
— 2 X* -^ 4 x', and taking «— ./ -|- i, or 4 
terms of the quotient, viz. i -{-;p -j- 3 ;eAr-f- 
gx% equal to i -f-i-fi^j., and multi- 
plying the fum by ^p or ^, gives i|, the 

proba- 
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pFebabffity feughtj and is the very {ktrie as 
vA&\M come tnit by the method ufed in the 
Iblution of PrMem XLlX* Let iis now fup- 
pQfe^±=5, th€ oQier quantities remaihing 
as m the example* Now it is very evident, 
that only due value of x is influenced by this 
afteratioii, which in this cafe is f^ therefore 
the quotient of the divifion, and the number 
o^ tCTms thereof, that muft be taken, remain 
lite very feme as above, whence ;c in the quo- 
tient I -f- * -f- 3 ^* -f" 9 ^'> being interpreted 
by f, we have 1 ^.f 4.z^+ '-^y^ *vhich 
multiplied by -j—y gives -rr^t^ for the pro- 
bability required. By our method the prd^ 
%aHlity is -tHt^ which is lefs than the for- 

nier by .A'o^ . The multij^er ^;, being 

common to both theorems, it ihould follow, 

thatwIH^x^ + i, and i4-x-f-3^*-|-9 

x^, are equal to each other j but that this is 
irapoffible when (b) is greater than unity, is 
fo evident it needs no illuftration, 

Exampk IV. 

To find th6 prbbability of an event hap- 
pening three times fucicfeflively, in five trials, 
the chances for happening in any affigned 
trial being denoted by (a), thofe for failing 
L 4 by 
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by (b). Here if wc divide umty by i — jc 
'^axxm^axxx^ the quotient will be i «^Ar 

x*+ 2 tf ^ -|-6 aa^4.a-\-ix\ &c. which ex- 
preffion is rather more general than any of 
thofe deduced from the foregoing divifions, 
and fervcs for any value of (a). Now i-fx 
^Tfi XXX ^,, is the required probability, 

and by our method the prol)ability of win* 
mng three times fucceflively, in five trials, 13 

^ -|- I x-jii^ therefore if both methods a- 

gree^ i^x^TSTixx fliould be equal to 

^'i-^iffor X fubftitute its value ^^, we get; 

^+r+i+ jf7^=H-"* + ^' this equation 
properly reduced gives az=.ba or ^==1. 
Wherefore as the value of (b) muft always 
be unity, it follows, that in order to have a 
true folution by Mr Demoivre'%. method, thp 
value of (b) in the ratio of the chances for 
happening or failing muft be changed into 
unity. Of this take an example : Let it be 
required to find the probability of throwing 
vsdth a fingle die, the ace three times fuccef- 
fively, in feven throws. Here the chances 
for failing in any one trial being 5, and for 

happen-! 
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happening only i, we tnuft make ^1=7, 
wherefore taking the firft five terms of the 
quotient of unity divided by i — - x — j *:* 
— tf* jc', &c. and interpreting (a) by f, (x) 
by h we (hall have i +i+ j. + ^.^.i^f, 
I or f4ii> which multiplied byrr^gives^^fff^ 

the recjuired probability^ the very &me as^ 
would refult from our method of fblutiaa^ 
hence we may infer, that in order to have a 
true folutioh by Mr Demoivres method, if (b) 
is not given equal to unity in the queftion, it 
muft be reduced to it, by taking y for /r, 

whence oc will become -y thefe reduftlons 
being made, that gentlegian's method will 
always fucceed. 

P R O B L E M LI. 
I 

Three gamefters, A,B,andC, enter intd 

play together, and they agree that he fliall 
be reputed the vnnner who firft beats the 
other two fucceflively 5 alfo that A and B 
(hall begin the play, and the lofer (hall yield 
^ his place to the third man, which is conftant- 

lyto beobfervcd afterwards; it is required 
to find the value of their refpeftive expefta- 
tions, fuppofing each perfon had ftaked one 
guinea. 

S o L u- 
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Solution. 

FSrft, it b evident th&t &e probability of 
^ {rfay ooQdnuii^ fat more t^bn two games^ 
depetub t^xwi that<if the game^rs beating 
«adi odier alternatdy. Secondly, that be- 
€X0& A and B are to bc^ the piay, thdr 
«xpedations willbe cxaflly a&ke, ami ifmat- 
ten not with regard to C» winch of them 
ihall happen to win the firft game. Third- 
ly, that if C beats them both> ittnuft be Vk 
^ end of other the third, fizth, ninth, 
twdiSth, &c, games : theie things premifed, k 
will be eafily feen that C's probability of re- 
ceiving the money depofited, at the end of 
any aiBgned (pollible} number of games, is 
compounded of the probability that C (hall 
win the two laft uf Uiofe games, and that 
neither A, B cr C (hall have won two games 
fucceffively before. A's probability .of win- 
ning the firft game is I, that of Cs gettbg 
the two next f , whence {• x ^ is the profcalri- 
lity that both thofe events may happen. But 
if B had won the firit game, flill C's proba- 
bility would have been the lame, viz. fx j, 
eonfequentlyixi'-j-TXi or ^ is C's total 
probability of winning the fet, at the end of 
three games^ and by the (ame way of rea£>n- 
uig, if we fuppofe the play will end in fix 

games. 
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l^ames^ and not before^ hts probalnHty ndfl 
t>e found equal to iV> now if « bie put for 
the number of games at the end of wljicli 
the fct will be wided in favour of him, we 
fhaJl have j^^^x^, his required probability 
in that cafe, wherefore by writing 3, 6, 9, 
J2, &c. fucceflively for n^ we get this pro* 
jgrefSon i-HiV+Th-^i^TTi ^c. ininjmi^ 
tum^ whofe fum ^ is Cs total probability 
for wixming the fum depofited, which fub- 
txaded from unity and the remainder divided 
hy 2, gives -^ for A or B's probability, each 
0f theie probabilities being multiplied by th? 
ium depofited, gives the value of their refpec- 
idve expe£tations, in this cafe, iL zs. bd. iL 
2u 6 J. and 18^. for A, B, and C 

H Jthe law of the play had been.fuch that 
each perfon when he yields hb place to the 
next man (hould be fined a certain fum/, 
which ftiall ferve to increafe the common 
ftocl^ and the winner to have the whole fura 
depofited, then, the other parts remaining as 
before, the inveftigation will be as follows. 

It appears by the preceding operation that 
i«-3xi is Cs probability for winning the 
fet at the end of n games, but at the end of 
thofe games he wiU be intitled to 3 (the fum 
depofited at firft) more ^/, wherefore ii for 

T we 
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f we putjr, and for the nuiheiical quantities 
3, 6, 9, 12^ ©*<:. write «, the total expoStation 
o fCwili be;>'x 3 + 3/+ / x 3 + 6^4./ 
3«3+9/+y'"'«3 + i2A©f. or3/+3/ 
+ 3/+3/'+3J''*> ^^- + 3// + 6//+ 
9//-f i2/y'+i5/y*, e^<:. The firft of 
thde feries is a geometrical progreffion, whole 

film by thq common methods is 7^x3. 
But to find the fiim of the other, let y^ -|-jf 
^y ^^'\ ^c* = YZT^ be wrote down^ then 
by taking the fluxion of each fide the equa- 
tion, we Ihall have 3/i + 6yi9y>4- 12 
y" ., tSc. = 3^Vx^ + ^-^V^whencebyftrik; 

ing out y on each fide the equation, and mul- 
tiplying the whole by/, the fecond part of 
C:% expcftation will be 3//+ 6//-^ 9// 
+ izpy'\ &c. = ;^; + ^., to this add 

the former part f£-^, the fum ^3 x 1 -f/ -f 
r==i X 3/, is the required expeftation of C. 

Now to find A's expefiation, let us fuppoie 
that he gets the firft game, then it is evident 
that if he wins the fet aftehvards, it muft be 
at the end of either the fecond, fifth, eighth, 
&c. games. But if he is fuppofed to lofe the 

firft 
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firft game, and afterwards to win the fet, it 
muft be at the end of either the fourth, 
feventh, tenth, &c. games, wherefore _y being 
put for f as before, we have y*^x 3 + 2^ -(- 

+/ X 3 -j- 7/ +/• X3 + 10 p,&c^ or by 
fummmg the feries '^+^^^;j;^t^+^^^' + 

— ====\ — , for A's required expeftation, 

which is alfo B's, hence by reftoring the va- 
lue oiy^ their refpeftivc expeftations become 

ii + ^iA ii+fiZ + fr+flA 

Corollary. 

If the common ftake were conftant, that 
is, if there were no fines, then if that con- 
ftant ftake were called y, their expeftations 

would be-'-^'x^> ^^M^ i^x^, re- 
fpeftively, becaufe in that cafe /=o, and 
die fum of all the money depofited equal 
to q. 

The computation of their feveral rifks, or 
the fum of the probabilities of being fined» 
together with the value of their feveral gains 
thereon depending, may, by a due confidera^ 
tion of what has been here delivered, be very 
eafily inveftigated. And if there are four> or 
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a greater munber of garaeftera, playing to^ 
getlwr upon the fame terms as in the pro- 
blem, the foludcm might be obtained much 
after the fame manner } it might perhaps be 
attended with ibmewhat more labour, be- 
caufe the number of geometrical progreffions 
and the other feries increaie with the number 
of jrfaycrs, yet as the meAod here ^oi would^ 
with voy litde alteration find the fum of aayr 
fuch feries as could occur, the reader would 
not be at any b& how to proceed tow^s U 
fblution of any cafe of die problem wh^fb* 
lever. 

PROBLEM Ln, 

AandB, whole chaaces for winning any 
afligned game are ia^tite ipven ratio of a to 
bi enter into play on this ccndition, that A 
at l^e be^nmng of every ^^une fhaU fet the 
fbm c to the ium </, and that die play fhall 
continue as long as A wins fucceflivdy ; re- 
quired the gain or advantage of A. 

& O L U T r O If . 

A's expe€hiti<m upon any oiMt game is 
~Xtf-|-</, from which lUbtraft hisftake 

loKves: '^^xr ^ his gain ^pon that g»ne, 

but 
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but the probability of getting into that cir- 
ciMoftance dq^ends upoa his winning all the 
^egoin^ games; where£ore if /i repre&nt zsxf 
nujnJ><^r of g^mes from the beginmng oi the 
play, hi$expe£tation of gain upcoi the^^^game 

wi» be expreffcd by ^^ K ^-^, where^ 

in 1^ for n b« taken fucceffiyely the numbers 
^ 2> 5, 4, 5, &c. we fliall have ^-^^xT^ 



^ 1 1 M 

a ' 
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A haying three guineas in his hand and B 
two, agree to throw up each his own pieos^ 
and that hq who brings moft heads upper- 
moils, fhdl take all five; and they likewife 
agree, that if both bring up the fame num- 
ber of heads, to tofs up again; and fo to con- 
tinue till it flball appear who is the winner. 
Quere the proportion of their refpediye chan- 
ces for winning,? 

SOLU-f 
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Solution. 
Let P, P', P", be the refpeaivc probabUi- 
ties that A has for bringing up i, 2, 3 heads 
precifely, in each throw with three pieces, 
A /> p'\ thofe thabB has for bringing up ei- 
ther none, one, or. two heads precifely, each 
time he throws up two pieces. Then Vxp 
will denote the probability that A (hall bring 
up one head pfecifely, and at the fame time 
B all tails. Vxp the probability that A 
brings up two heads^ and at (he fame time 
B all tails. P"xj> that of his bringing up 
three heads, and B at the £ime time all tails. 
Thus by coUefting together the feveral varia- 
tions that can be made in favour of A, we 

fliall have p+P'+rx)> + F+F'x/+ 
P"x/', which being multiplied by i -j-^ (y 
being put for the probability that the play 
continues without limitation) gives A*s re- 
quired probability. The probability that B 
brings up one head precifely, and at the fame 
time A all tails, is P"x/', that of his bring- 
ing up two heads, and at the fame time A 
all tails, is ^"xp", to the fum of thefe two 
probabilities add that of B's bringing up two 
heads, and at the fame time A precifely one, 
W2. Px/, the fum Fx/+P"x/+Px 
p" being multiplied by i +;^ gives B's requir- 
ed 
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ed probability. The values of P, P', P", p, 
p\p'\ are i, h h h h h ^^nd by Problem 
Vir, therefore A's probability is equal to j-x 
Hv, B'* equal to tV x i+j', whence the ratio 
of their chances for winning are as 8 to 3, 
and in this proportion muft the fum adven- 
tured be divided, confequendy A's expeda- 
tion is worth 3/. i6s. ^^d. B*s i/. 8i. j^d. 

PROBLEM LIV. 

Other things remaining as in the laft pro- 
blem, fuppofe the agreement between the 
;players had been fuch, that if the play does 
not terminate in a certain number of games, 
it Ihall at the end of that number be difcpn- 
tinued, and each adventurer take his own 
money; required their yefpedlive probabili- 
toes for winning. 

Solution. 

The probability tjiat A brings.up precifely 
one head at any afljgned throw is P, that B 
does the fame is /, their produd, or the pro- 
bability that both thofe events happen is V.f( 
p\ A*s probability for bringing up two heads 
precifely,. is F, B*s is/, their produdl P'x 
/'. The probability that all the five pieces 
ihall come up tails, is V'xf^ therefore the 
M proba- 
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prjdbabiUty that the play does not tensonate 
at any affigned thrQW> is Px/+Fx/'-f 
F'x/', whic h put eq ual to d, and forP^- 

iP'q:F'x/>^F4:Fx/4.I»"x/, andP", 

x^' + P" x/ + P x/'j which are the refpec- 
Yivc probabilities that A and B have fof win- 
ning at any affigned thrbw, put rf, and 3, let 
n reprefent the number of games or throws, 
beyond wluch (by their a^eement) the play 
is not to be continued, then tf-|-'' ** "!'''**' 

4- //' rf, &c. </— » «, and b+kd'\'d* b 

J^d' bftSc. d*-}bt dr by funfming iq? 

the progreffions Jns'xtf, and |^"xi^, art 
'their refpeftive probabiHdes of winning the 
•fum played for. 

■Corollary \, 

If n is fuppofed infinite, or tfas |^y to con- 
tinue without limitation, then </° becomes 
infinitely fmall, and confequently may be re- 
jected as ineonfideraUe, Whoice A's proba- 

, bility in thatcafeis-j£,xtf, B's j-^x^, and 

.hence the value of;', which was put for the 
probability of the play Continuing without 
limitatioh, in the laft problem, becomes 
loiown, it beiitig equal to d-^d^-\-d* -^-d*^ 

"&€. in Iriflniiumt equal to —^ 

Corollary 
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Corollary 11. 

' The probability that the ^ay does not ter- 
minate at the expiration of (n) games, being 

J ' 1 it is evident that A's expeftaticoi 

thereon is — — 7-x 3 and B's — . x 2, 

■whence thdr total expectations arc ^"xsa 

' d-^d^i . I— </• , , d—d>^^ 

+ 1=:^;^ 3> and .^-^ X 5 ^+-^Z:3- 

X 2, refpeftively. 

PROBLEM LV. 

A and B playing together upon the fame 
conditions as in the laft problem ; it is re- 
quired to find then* refpeflive prpbabiliti^ 
for wnning the fum adventured, fuppofing 
A has (m) and B (n) guineas. 

S o L u T I aN. 

The probability of brining up precifely 
{pj heads, in one throw with (m) pieces, is 

iintoiwx^x==2x==-SS^^...==^' 

* 2 i .£_, and 

that of bringing up a lefs number of heads 

than (fj in one throw with (nj pieces, is 

M 2 I + 
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l-J-«-|-«x'^-|-«x'^X^,yc. to (fj number of terms 

Now by taking/, fucceffivdy iequal to i, 2, 
3> 4> 5» Sfr. . . . fflr, and multiplyirig the feries 
thence refulting together, we fhall have A's 
probability for winning (the fum played for) 
at any affigned throw, equal to 

2 «+» 



Gfr. wherein if » be wrote for »/, and vice 
verfay the faid expreffion will denote B's. Let 
the probabilities thus determined be called E, 
and F, refpeftively, and put S for the pro- 
bability that the play does not terminate at 
the end of any one throw or game (equal to 

nx"^ X ^^, &c. continued to as many terms 

as there are units plus i, in the leaft of the 
given quantities my n, and the whole divided 

by 2«+«). Then will 7EI x E, and '^^ 
F, be their required probabilities for winning 
the fum adventured, at or before the expira- 
tion of (f>J games. 

Corollary 
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. Corollary J. . 

: The probability that the play terminates 
not at die end of (pj games nor before, is, 

^, therefore the values of their expec- 
tations, before they begin to play, are re- 
ipp6tively equal to ■ "^ x E x »^ + ^ + 

-^, n— X my and = x F x w 4- ;? 4- 

— - — Q— >c»- 

I —0 

CaroUary 11. 

If (^§5^ be very great or infinite, as there 
can then be but very little or no probability 
of their withdrawing their ftakes, or the play 
terminating before one of them has won the 
others money, it follows, that the two laft 

cxpreffions will become j^- x E x /» + '^j ^^^ 

PROBLEM LVL 

To determine at the game of whift, the 
probability that the dealer and his partner 
have between them the four honours. 

M 3 S o L u- 
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Solution. 

The dealer being by the law of the game 
certain of having one trump, the probability 
of that trump being an honour is i^, becaufe^ 
there are i6 cards in his favour, and 36 a- 
gainft him. But if the trump turned up 
fhould happen to be an honour^, their pro^ 
bability of having the other thrpe, wiH be 
the fame as that oi taking 3 afligilid cardff 
in 25, from a pack coniifting of 51 cands, 
which, by Probkm XXXVI, will be founcj 
jequal to -^,-*j» wherefore the probability that 
both thefe fliall happen, is -^x-i—. But if 
the dealer (houtd happen not to turn up an 
honour, of which the probability is ^, then 
their probability of having between them all 
the four honours, will be the fame as that of 
having 4 afligned cards in 25, taken from a 
pack confifting of 5 1 cards, which probabir 
lity is, by Pr(?^/^w XXXVI, equal to :^Vr> 
whence —y^ being multiplied by 1^, gives 
their probability of having the four hon- 
ours, when the Card turned up is not an 
, honour, and confequently -ffj x /t + 4Wr 
X 7V> is their total probaMlity of having be- 
tween them the four honours, equal to rWy 

PRO- 
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PROBLEM LVII. 

A and B enter into play together with a 
pair of x:ommon dke, upon thefe conditions, 
that if A happens tcx bring up the lame chance 
both the firft and fecond throw, he wins the 
game ; otherwife, A takes the chance firft 
thrown, B the next, and he to be reputed 
the winner whofe chance fhall happen firft 
to arife ; from hence it is required to find 
Aeir refpe6live probabilities for winning the 

game. 

Solution. 

It is evident that the difference of their re- 
quired probabilities is equal to the probabi- 
lity of throwing the fame chance twice fuc- 
ceffively, for if that circumftance be fuppofed ' 
omitted, they then play upon equality of 
chance, and therefore each of their probabi- 
lities is equal to f , confequently, the proba- 
bility for throwing the fame chance twice 
fucceffively, being divided by 2, and the quo- 
tient added to y> the fum will give A's pro- 
bability for- winning the game. ^ The proba- 
bility for throwing the chance II. twice fuc- 
ceffively, is fs^Xyri that for throwing the 
chance III. twice fucceffively, is f^ x jVj a^^d 
proceeding in diis manner with the remain- 
M4 ing 
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ing chances, we fhall have the probability of 
throwing the fame chance twice fucceffively, 

^^^- T^9^ + TT9T + tt|t+ "tH^ + rfr?^"!' 
Vi-fTT, equal to iVrs", which divided by 2, 
and the quotient added to ^, gives i~r^ A*s 
probability required, whence B's is t^V* 

PROBLEM LVIIL 

A perfon undertakes to throw with a pair 
of common dice, the chance VII. before any 
other fhall come up twice ; required his prq-t 
bability of doing it * 

Solution. 

Suppofe the firft throw (which may be 
any of the chances upon the dice except VII.) 
to be II, the probability of producing VII. 
before IL is f, which multiplied by the pro- 
bability of throwing IL the firft throw, gives 

^-^--g. Suppofe III. the chaiicc firft thrown^ 

the probability of producing VIL before III. 
is ^ or ^, which multiplied by the probabi- 
lity of throwing III. the firft throw gives -^y, 
whence ^x-^is that part of the required 
probability depending upon the firft throw 
being either II. or III. Proceeding in this 
Planner with the remaining chances, we fhall 

have 
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the probability fought. 



PROBLEM LIX. 



. •"» 



To find at the game of hazard, thepror 
bability of the fetter for winning the fum d&r 
pofited, upon- all the fuppofitions of main 
^nd chance. , . 

Solution. 

In order to facilitate the operation, I have 
in the table annexed, inferted th$ fcheme of 
the|;ame. 



Msuns 

for 

the 

Setter, 



V. 
VI. 
VIL 
VIII 
IX. 



Throws next following. 
Chances. Cbaices. 



The Cafter 
wins the flake, 



V. 

.VI. XII. 

VII. XI. 

VIII. XII. 

X. 



The Setter 
wins the ftake. 



11: m. XL XII. 

XL IL in. 

XII. II. III. 

XL IL III. 
ILIILXLXIL 



Let _ 
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Let us firft fuppofe VIL to be the maiQ^ 
tben the cafter before he begins to throw, 
has dght chances for the whole fum depofit* 
€4 that is» he his eight chances for VIL and 
XI, either of which intitles him to that fum^ 
four chances for nothing, viz. thofe for IL 
HI XH. fix chances f or f of the ftakes; 
hantely, thofe for IV. and X. ci^t for f therein 
of, thofe for V. and IX. and ten chances ^ tat 
VI. and VIIL. theft l»ft intitle him to ^ of 
the i^kes^ whence if the ium d^fitedbe 
$, the cafter's eiqpe^latioa thereon wiU be 

8X1+6X4 + 8X44-10X15, c J^l. ^ !.• 

• — ^^^ ^^ —xS, and therefore hli 

required probability of winning th& whole 
fui9 depolited is fff , which being taken 
from unity leaves |-ff for the fetter's* 

Supp<^ VI, or VIIL to be the main, then 
the chances XL IL III. intitle the fetter to 
the whole flake, or fum depofited. If V. or 
IXt fliould come up, the fetter*s fhare would 
be ^ of S, if IV. or X. come up, he willi be 
intitled to \ of S, and if VIIL happens tc^ be 
thrown, his expeftation will be f S, ftnd 
laflly, if the chance (hould happen to be VlL 
the fetter*s expeflation in that cafe would be 
-^Y o( S, now thefe feveral expeftations being 
refpcftively multiplied by their pnobabilities 
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of taldns pbce, gives S><i±gjlt+^ |^^?><H»x^ 

•X S3 the fetter's total expe£lafion> and con- 
iequently his reqliired probability equal to 
-jzisjV, whence the caftcr's is iVrrs"- 

If V. or IX. be the xbain, then the fetter'i 
probaUfity for immung the whole ftake, win 
hji the faipt way of reasoning, be found equal 

jflie (rafter's iffi. 

Hence it appdirs that in eadi cafe the fet- 
ter has the advanti^ and the moft fb, when 
the m»n is VL JExr VIII. 

PROBLEM LX. 

Tq find at hazard the probability that the 
fetter has for winning Ae fum depofited, 
fuppofing he be refidved to fet upon the firft 
pain that may happen to be thrown. 

Solution. 

The probability that V. or IX. may be the 
main is f, which multiply by i^. The 
probability that VI. or VIll. may be die main 
is tV* let tins be multiplied by ^^jV. The 
probability that VIII. may be the main is ^, 
multiply tlus by Iff, the fum of thefe pro- 

du^s 



1 
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du&i will give the fetter's probability requir- 
ed, ih^kt is iU t lltlill^ 
Corollary I. 

If the cafter and fetter each ftake a guinea^ 
th« expeflatbn of the latter.will.be fuch a 
part of two guineas as is denoted by the above 
fra£tion» and confequently his gain will be 
i\\\\\Wo\ y or >i4iv nearly, multipUed 
by I guinea, which is about four pmce twq 
farthings an4 1 in a guinea. 

. . Corollary II. ^ ^ > 

The probability of a mala, is tathe pnw 
hability of no main, as 9817 to 10 183, or 
as 96 to 100 nearly. — ' 

P R O B L E M Lxi, 

0. ..... 

Sdppofing a certain number of halfpence 
to be thrown up, and all thofc that come up 
heads to be taken away, and the remaining 
ones to be thrown up again, and fo on in 
the fame manner a given number of times, 
ftill taking away thofe each throw which 
fhall happen to come up heads -, to find the 
probability of their bebg all thrown heads 

in a given number of trials. 

• ■•..-•. . •- ■ i 

SOLU- 
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• S GLUT ION.. 

Let (p) be the given number of halfpence, 
and firft, fuppofe 2 the given number of 
throws or trials, put 1-=^, then a^J\^px 

a *^, is the probability of throwing (p) half- 
pence all heads (according to the prefcription 
given in the problem) in two throws, which 
being divided by ^ ^ is reduced to i ^paJ^ 

a^^ &c. ...a^y equal to i +tf^, which mul- 
tiplied by a^ gives i^-|-^?*^, the probability of 
fucceeding in two trials. By the very fame 
way of reafoning the probability of fucceed- 
ing in three throws will be found to be 
M-\-a* ^a'^^y and in four throws a-^-a^-^a^ 
-j-^?*^, whence ;the law of continuation is 
manifeft, wherefore putting (nj for the pro- 
pofed number of throws, we fhall have 
a'^a*-\'a^ +^*> ^^* • • ^ ^ or by fumming 

tip thegeometrical progreflion^~^^^ equd 
1 — a 

^o I— ^z"^ becaufe^izsf, for the probability 
required. 

Otberwije. 
The probability of throwing any number 
of ^halfpence all heads in any given number 

Qf 
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of throws, by tofling them ^ up together^ 
is die fame as that of bringing them aU up 
lieads by tolling them up iing^y the lame 
number of times. The probability of bring- 
ing up a tail /^^ times fucceflively with a 
fingle halfpenny is ll^ that of the contrary 
i_^"y which is the probability of throwing 
one or more heads in thofe throws, and there 
being juft the fame probability of fucceeding 
with each of the h^fpence, it follows that 

1 — tf°' will be the probability required, the 
very £ime as before. 

PROBLEM LXir- 

Things remaining as in the laft problem; 
it is required to find the numbw of trials ne- 
cefTary to make it an equal chance that the 
event there propoied may either happen or 
faU- 

SamxioN« 



Let X be the number fought, then i — ^tf*' 
4s the probability of tihrowin g ^ ha lfpence all 
heads in x trials, therefore i— o^^ s=;^=:7» 



and im^a^ssza^^ whence Xsf^r 

Log* a 



PRO- 



7h taws pf^ofice. jys 

mo B L B M LXm- 

A and B^ whofe chances for winning any 
lingle game, are. in the proportion of (a) to 
(ijy the former having two crowns, and the 
4atter one, art determined to play together, 
each ftakinga crown every game^ until oat 
of them has loft ^all his money ; to find the 
values of their expe6tations beifore they be^ 
topky. 

Solution. 

Suppoie A has loft one game, put x fpr 
,the veJue of his chance in that caie, an4 
^-^-y for the value of his chance before they 
be^n to play. When A has but one ftakc 
left he has (aj chances for x -f j^, and (kj 
chances for nothing, whence his expe6lation 

is equal to ^^if^, therefore ^^xt^ ='^> con- tgt 

fequently^ = ^. Again, it is evident that 
before they begin to play, A has (a) chances 
to be in poffeffion of three crowns, and fh) 
chances for «, in this caife his expe£iatk>n $ 

^^^Jl^, which muft be equal to x-f J^, or «:-f 

^, whence ^v=:^^^^^, and ^-f> = 

^4'i^j^^ X3> which being tajcen from 3, . 

leaves 
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leaves ;7:j:7jtfT*^3» which is Fs expefta- 
tion, before they begin to play. 

P R O B L E *M LXIV. 

To determine the fame things as in the laft 
^problem, fuppoling A has three crowns^ 

^ Solution. 

Put xJ^y^ and x, for the values of A's 
chances when he is fuppofed to have loft one, 
and two ftakes re^flively, x+;^+z ^^ 
value of his chance before they begin to play. 
If A lofes two ftakes his expedation is then 

..equal to ^^^q^, therefore we have ^jxr^== 
if, whence ^sr^. If A lofes only one ftake, 
his expeftation is then equal to ^^^^^^ 
therefore ^^^i^^^==^+^, whence z=, 

^=:~, cQnfequently x-^ry-^-^^^+T 
-f-j^^ Now it is evident thgt before they 
begin to play A has (a) chances to receive 4 
crowns, and (b) chances for x -f-^> ^ ^^ 
cafe the value of his expeftation is^^^^y-- 
equal to x-^-y-i^z^ wherein by fubftituting 
for y and z their rcfpeffive values, we get x 
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;»+^'ta+A*+l» ^ 4> the value of A's expec- 
tation before they be^ to play, which bang 
fubtraaed from 4 leaves r-r — tA^t — -rrrx*. 

equal to B's expc6feition before they begin to 
play. 

Cordlary I, ' 

It appears from hoice that the numerator 
aiid denominator of the fraction which d&. 
notes A's probability of wmning the whole 
^m, do each coniHtute a feries of quantities 
in geometrical progreffion, whofe common 
tatio is -f , wherefore by putting (n) for A's 
number of ftakes, his expectation will be ex- 
prei&d by 

x«+i, or (by fumming up the terms of th« 
progreffions) »+i multiplied by 

:?;TrzFFr»J^« B's is ^^.,_^^,> 

multiplied by »-{- 1. 

Corollary H. 
When tf =^, A's expcftation becomes ^^ 

?<»4^l, and E's ~ x^> tiiat is, »and i, 

N ©r 
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or tl;ieir refpeftive expeftations are dircSIjr 
as the flakes they have tx> lofe. 

PROBLEM LXy. 

A and B, whde chances for wkuiing mj 
iingle game are in the ratio of ^ to ^> ^ 
former having «, and the latter m ftakes, are^ 
determined to play together, until one df 
them has loft all -, to find the values of thar 
expefhitions before they begin to play*^ 
Solution. 

Let X be the value of A's expe6i;ation whai 
he has loft all his flakes but one, theij by 

the laft problem, Ar^^^+^-f—^ (nj, h 

the value of A's expedtaiion before they hjier 
gin to play. Now to determine tl^e value of 

X. By the laft problem we have x-\ — --j^^ 

4—^ r^+^+^-^ ^^^ A*s expeftation. wheif 
B has but one ftake left, in this cafe A has 
(a) chances for the whole fum n^m^ and 
(6) chances for the faid expejftation, whence; 
and by fumming up theprogreffion,' we get 

x=: ' ,^t^ rr ^ wherefore x 4- 



fie tm^ if i3hance. t^i^ 
M^*\Jm, wiricii is A's feqtdred expe^aia6n; 
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' When tntszfi^ the ratio of their probabi* 
titles for winnmg the whole Aim played for, 

is tflilt iof tf*»X^*^.^ J^ to ^^ ^—^^^Xi^H 

or ^«--.««xtf* to ^«^— .tf^x^^v that is, 

' ; . . Chrvllary IL . . 

; : . ij^ifi^ pcobabifi-t 

iie^ above mentioned, become^ that of m to n. 

Condhti III; 

WJten h is v6ry frfialli wkH refpeft to a^ 
and m and if. large. numbarsi^^iand ^^^ will be 
inconiidera)[^ iit r$gaiki of a^ixA ^"^ in'ftich 
cafe tlwj faid f atiajwill be as ii"^ to ^'", or as 
1 to -7I" nearly; ,«. 

}f flie agrfeement between th?pi had bceA' 
Afch, that at every gaiqe B ^ fhould ' fet the 
itdke' G to tlie i):^ke L, the advantage or.dif^ 
advantage of A maybe determined thus: 
Let the refpcftive^pi'obabilities that A iand B 
have for winning the whole fum played fof^ 
N a viz^ 
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V12;. iiG-fmL» be denoted by£ andF(tl]«^ 
probabilities are determined by the folution 
to the problem) then' as A is either to receive 
the fum fiG^ or to pay the fum i^^L, he has E 
chances to be in poffefiion of the fum riG^ 
m L, and F chances for nothing; whence his 

cxpeftation is ^"^"^1^"^ ^Q"^^^^^ 
fubtradlmg L^ lus fum adventured^ the re- 

. • EXjrG— FXwL i *• • 

KMunder ^jff » is his gain. 

Note^ If the numerical yalues of the givto 
quantities are fuch^ that this gdn of A fliould 
happen to be negative, then the advantage is 

on B's fide. 

» 

.: Example \. 

Suppofe B to be throwing with two dice, 
and every time 2 aces come iip, A to 'give 
him one guineaj and every time an ace and 
duce B td give A one, and that they agree 
to continue the play on in this manner till 
one of them is a winner of a 100 guineas y 
to find the expeftation.of each^ and the gain 
of A by this agrwment. Becaufe there ajc 
two chances for an ace and dUce, and only 
one for 2 aces, a will in this cafe be = 2, 

*= I, and »i=si»2=:iop, whence j^^k 
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aoo, is A's expe^tion, and ^-totxi-x 200 

isBs, jrr^qpxioois Asgain. 

Example 11. 

^ Let the number gf flakes on either fide Xo 
be won or loft be equal, and let that num- 
ber be 5» let there aUb be an equality of fkill 
between the gamefters, and fuppofe that B 
lets at every game a ftake of one guinea to a 
flake worth but fifteen fhillings ; to find the 
gain of A. Here m^mcss^ Ossai, L 
SB 15, E:=zi^ Fttsi, whence we get 

— ^ E+F ^ ' =45 fliillifigSj the gain of A. 

Firpm thefe examples, and the foregoing 
corollaries, it will appear, that if A and B 
were to play together for a guinea a game, 
and A has but one fingle guinea to lofe, but 
B any number let it be ever fb l^gje, and A 
has ^e odds of 2 to i, in e^ch game, he will 
be more likely to win all B's guineas, than 
to lofe his fingle one. 

Mr Demoivre in his DoBritte of Chances 
^vcs the following method of 

Solution. 

Let it be fuppofed that A has the counters 

E^ F, G, H, &c. whofc number is (n)^ and 

that B has the counters I, K, L, M, ^c. whofe 

N 3 num- 
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iMinab^r is (m) ;; mpreover let it be &pjpe£a|: 
that the cdunters are the thing played 6?r, 
and the value of each counter is to the value 
of the next following one as aip b^ ip fuch 
njanner as that E, F, G, H^ I^ K, L, b«- in 
geqmetdjp propprtipn, this being premiled^ 
we may fuppoie that 4 an4 B in every cir- 
f umftancic of their play may lay down twq 
fuch coi;inter$ as may be proportional to^tho 
|W|nl;)^r of chancjsi^ each, has to get a fingle 
counter, for in the begmning.of the {day A 
inay lay down the counts H^ wMdi is thcr 
loweil of his counters, and B.the counter I, 
which is his higheft, but H : I : : ^ : ^, there- 
fore A and B play upon equal terms^. If A. 
beats B, then A may lay down the coiinter 
A, which he has juft gqt of his adveriajgr, 
and B the counter K, but 1 ; K : : <? : ^, therp- 
fore A and B ftill play upon equal ternis* 
But if A lofe the firft time, then A may lay 
down the counter G, and B the counter H, 
which he juft now got of his adverfary, but 
p: H : : ^ : by and therefore they ftill pJaiy . 
upon equal terms as before, fo that as long * 
as they play together, they play without ad- 
vantage Of difadvantage. Now. the value of 
the expeftatipn. which A has of getting. all^ * 
ihe countexs of B, is the produiSl 6/ the diift- 
* : ' he 
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he expe6ts to win, and the probability of ob- 
taining it^ and the fame holds iii reirpe6l to 
B/ but the expe£lations of A and B are fup- 
jpofed equals therefore the probabilities which 
they have reipe6tively of winning, are reci- 
procally proportional to the fums they expeft 
tp win,, that is, are dire6Uy proportional to 
the fums they are poffefTed of. Whence the 
probability which A has of winning, all the 
cpunters of B, is to the probability which B 
has of winning all the counters of A, as the 
fum of the terms E, F, G, H, ^c. whofe 
number is », to the fum of all the terms I, 
K, L, &c. whofe number is niy that is, as cP" 
y^a^'.—b'' to ^"x/j""— .^'", as will eafily ap^ 
pear if thofe terms which are in geometric 
progrelfion are adlually fummed up by the 
known methods. Now the probabilities of 
winning are not influenced by the fuppofi- 
tion here made, of each counter being to the 
following, in the proportion of a to ^, and 
therefore when thofe counters are of equal 
value, or rather fuppofcd of no value, but 
ferve only to make the number of flakes won 
or lofl on either fide, the probabilities of win- 
ning will be the fame as we have affigned. 

If by agreement B fets af every game the 

fum G to the fum L, then will the gain or 

N 4 advan- 
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advantage of A, be expreffed by >wx<»*x 

Demon/iratioh. 

Let R and S refpeftively reprcfent the pro- 
babilities which A and B have of winning all 
the ftakes of their adverfary, which proba- 
bilities have been juft now determined. Let 
us firft fuppofe that the fums depofitcd by A 
and B are equal, viz. G and G, now fihcc 
A is either to win the fum wG, or lofe the ' 
fum nG/\t\s pl^n that the gain of A ought 
to be eftimated by R/«G-^S nG : moreover, 
fincc the fums depofited are G and G, and 
the proportion of their chances to win one 
game is as a to 3, it follows that the gain of 

A for each individual game is ^'^T^^ i and 
for the fame reafon the gain of each indivi*' 
dual game would be "^ T^ , if the fums de- 
pofited by A and B were refpeftively L and 
G. Let us therefore now fuppofe that they 
are L and G, then in order to find the whole 
gain erf A in this fecond circum^ance, we 
may confider that whether A and B lay down 
equal or unequal ftakes, the probabilities 
which either of them has of winning all the 
ftakes of ^the other fufFer not thereby any al- 
teration. 
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tf ration, and that the play will be of the 
lame duration in both circumfl^ces l^fcire 
it is determined in favour of ekher; where^ 
fore the gain of 'each individual game in the 
foft cafe, is to the gain of each individual 
game in the feccHid, as the whole gain of the 
firft cafe, to the whole gain of the /econd, 
znd confequently the whole gain of the fe- 
cond cafe will be R/»-rS>gx*^~^^, or 
reftoring the values of R and S, ^xa'-x 
^"— ^"— »x^»tf»— .^-into^^^^i?*. 

^^ ^ = »» and azszkt then the gain of A 
willbew'x^ 

Let the number of ftakes be unequal, fo 
that A be obliged either to win m ftakes, or 
k)fe n ftakes, fuppofe an equality of chance 
between the players, then the gam of A will 
bewxffx^^. 

If the number of ftakes be equal, but the 
&iU of the gamefters unequal, and in the 
propo rtion o f a to by then the gain of A wiU 

^ *«+^« X ^__^ . SotztMc Demoivre. 

Thefe conclufions concerning the gain of 

A do not agree exaftly with thofe derived by 

our method of folution, and the reafon of it 

I take 
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rtake to be, becaufc Mr £>^«*»V<? fuppofes; 
UkA the gain of A' upon each individbid^ 
game, conftantly to remain tiie" fame, v/V.' 

■ ^T^ » which would indeed be. true were 

the value of his expe6tation upon each indi^* 
vidiTal game mvariable, but notwithftanding 
the fums they each ftake every game are con- 
ftantly the fame, yet ar Ae valuq of the ^ex- 
pfeilattion from which the ftake muft be de- 
da£ted to give the gain, is continually vary- 
ing, it feema inconfiftent riiat his gain uport' 
each individual game fhould be the ab^e- 
mentioned quantity. It may perliaps be oh- 
jedled, that as A has at every game (a) chan- 
ces for receiving the fum G, atid (b) chan- 
ces for paying the fum L, his expectation 

thereon is certainly ^ ^T^ , this would be fo: 

were it in A's power to quit the play when: 
he pleafed, but by the agreement made be- 
tween them the play is to continue until one 
ctf them has loft all, thterefore no eftimate of 
A's gain can be made, but upon fuppofition 
th^t the play is terminated in his favour, 
biecaufe he certainly muft either win the fam 
m G, or lofe the fum nG. 

PRO- 
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A perfon iindertakps in a certain number 
fnj of throws, with a pair of common dice, 
pot only to tteow ^ ehjances V. and' W:- 
but y. befo» VI. 'with thk^ reftriaiGn, tlia* ^ 
If h* ht^pens to throw VL befere V^ hedoes^ 
not indeed loft Iris wager, but is* t» proceed^ 
asaf notfaingihadrtioen doine^ flilldedufiEing 
fo many thrqws as have^been v^ froixr tfac^ 
number of throws which he, had at firft 
j^venhimj to find his probattlity of win* 
ping. i 

Sol tj t I o n. 

Let the chances for VI. coming^ up at one 
throw with two common dice be caUedY^>>^ 
thofe for V. (ajj the whole number of dian- 
ces upon two dice (s). For the probsd^Uky 
of throwing V. the firft throw, and VL the 

next, that is 77, put P, and for the proba- 
bilities of VL in 2j 3, 4i 5, &c. throws, viz. 
I— ^*, i--^', I— ^HVi— ^'.^^.put 

L, L'l L", V\ V"\ &c: This preparation be- 
ing made, take «=2, in this cafe his pro- 
bability for winning is P, let »=3. Now if 
he happens to throw V. the firft trial, he has 
nathmg more to do than to throw VL in the 

two 
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two following; trials ; but if he mi^ V. the 
firft throw, he is dien in the laft mentioned 
orcumftance: wherefore when «==:3» his 

probalrility of winning is -^xL+'=^xP. Let 
xts=4, then if he happens to throw Y. the 
firft. trial, an4 VI. ii^ the .three foUowii^ 
trials, he wins, but ^ he happens to nu&Y. 
the firft throw, his probability of wintung 
Mrill be -7 X L -f- —^ X P> whence his total pro- 
bability of winning when >r=:4, is -^xLx 
~-f t'*^*"!" Tr-xP» and by the very fame 
proceis when » = 5, his total probability will 
^fxLx^Vv'<T>^L'+^xL" + 

^^ X P. The feveral probabilities, found in 

this manner being collefted together witt 
ftand as in the following Table. 
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From 



FromiietKethrkw of c(»iGnuatiDii is iSfi 
fily found, 'flie exponent pf — bdng «— 2j 
and the nurinbei: ot tenns Which comppie thd 
reqtured poababil^ is n.-.i» \wheraore tiiat 
probability, -by ^orsag the vdlu^ of L^ 
V, V'y V\ V"y& c. will beexpitJTed b^ 

'—^'^ x-^&c. fn^^) miijos 4 into thtf 
film of i*^""' X i— *' -f- 5i4*f*~* X 13 + 

plusfti^l— >cP, wherefore bjrfuffir^g tip 

the progreffions, and fiibtraftuig the ^^ttei* 
from the former, we get his required proba- 

bility of wnning, equal to. f , ^ : xP-f 
— -J^'^ ^^r ^ 






CtrcUaiy* 
If 4ssl5, thSLafoKlaid proiability tiecomo* 

' • Novf 
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l^GSf for the appUcadon to numbers : %at 
«r=i4, ancj. bec^ufe ^==4, ^tsss^i ; = 36, 
*t;he required probability will be equd^ jfco 
2?7^^^^v which being fubtraSed from unity 
leaves I '^^g 9 ^ and die odds againft throw-* 
ing the chances propofed according to the 
conditions in the problem, iii four throwS;^ 
as 12 to I yearly. 

If it were undertaken to throw with a pair 
of common dice in four trials, not only the 
chances VI, and VIIL but a)fo VI. before 
yiil. the probability of fucceeding will, be 
found equal to ifflif- 

P RO B L,E M LXVIL 

To find Ap number c^, chances for throw- 
ing (p) points precifely, with (n) dice, each 
die having (f) faces, but with this reftric- 
tion, that the propofed points fhall come up 
without aces. 

Solution, 

Conceive that face upon each die whicji is 
marked with.(^ points expunged, Aen by 
Trobkir\ XLV. the chances for (p) points pre- 
sifely, witR the dice fo^ reduced, is equal to 

. ' into 
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into «4-~x^x^r»-^i; mtonx^, 
($€, wherein, tf = / — /+ 1, j> =/ — zjT 
-j- 2, ft=^— 3l/H-3> ^^' Now if we fuppoie 
the number of pdnts upon each face of every 
"die to be encreafeid by unity, it bevidenl^ 
that thofe faces which were before marked I, 
will now be marked II, and thofe which were 
marked II, willnow be marked III, and ib 
of the reft, and confequently the aces are aU 
expunged. Now as every throw which be- 
fore gave (p) points, will in this cafe g^ve 
^-f «, it follows, that if for ^ in the above 
exprelCon we write/— », we fliall have th6 
diances required, equal to 

' \--izix^x^r«-Ointo» 
-^^'x^x^/»— i;»nto»x^' 

wherein a =/— « — /+ i» k =/ — « — - 
2/+ 2, <:=/—»— 3/+ 3» ^'^• 
' Example I. 
How many chances are there for throw- 
ing precifely 12 points with four common 
dice, under the above mentionied reftri£tion. 
Here />=I2, /==6, « = 4. whtnce th^ 

general exprefllon becomes J^^ = 35* * 

Exampk 
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Exan^k II. 

To determine the number of chances for 
throwing precifely 20 points with four com-» 
mon dice, excluding aces. Here p = 20, 
/=: 6, «=:4, hence we get V x V x V — 
fx Vxf xf+^^^^f ^T for the num- 
ber required equal to 35. But the number 
of chances for 20 points with four dice, with** 
out reftriftion, is alfo 35, wheiice it appears, 
that if 20 points are thrown with four dice, 
the aces mufl of neceflity be reftrained from 
appearing, which is alfo evident for this rea-* 
fon, that no more thaQ 18 points can be 
thrown with three dice. 

PROBLEM LXVIII. 

: Three perfons, A, B, and C, enter into 
play together with a pair of common dice, 
they agree that each perfon (hall throw in 
turn, and he to be reputed the winner who 
firft happens to bring up the greateft num- 
ber of points at one throw. Now fuppofing 
A to have thrown the number VIII ; it is 
required to find (before the others begin to 
throw) his expe6tation upon the fum depo« 
lited, which is here fuppof^ S, 



194 ^^ Laws af Chance. . 
Solution. 

The probability that B or C do not biing 
up fi> good a chance as A's is \\^ wherefore 
A's expediation upon beating both B and C^ 
i* fix fix 8. Again, die probability that 
B throws the fame chance that A has ^own,. 
and C an inferior one, is y^ k 77, if tly» 
fhoukl happen A and B will be iq^ equality 
of chance, and the expefhttion c^ the former 
equal to ^ X f*- x \. But as with equal pro- 
bability C might have thrown the fame chance 
with A, and B an inferior one. As cxpcfta- 
tion in that cafe would have been a!fo ^x 
fi X 1. Now if B and C fhouM happen each 
to throw the fame chance that Abas, of 
which the probability js 7^X7^* A will be 
intkled to f of the ftake, wherefore A being 
multiplied by f^ x^V* a«d that produia add- 
ed to the Aim of the lorm» exped:ations^ 
gives A's total expectation =-j44l x S. 

PROBLEM LXiX. 

Four perfons. A, B, C, and D, jdaying: 
together at raffles, or any cAher game of the 
like nature, fuppofe the firflt of them A to 
have raffled and got fuch a number, that 
thjere it only the probability (a) for a great- 
er. 
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tx^ the probability (b) for the fame^ and th9 
probability (c) ior a idler nun^r ; it is re* 
quired to find his probability g( beating all 
the other players B> Ci and D. 

SOLUTIOIT. 

Firft, the probability that B, C, and D, 
do each bring up infmor chances to A, is 
c \ this is one part of A's probability for 
winning the game. Secondly, if B throws 
the fame chance that A has thrown, and at 
the fame time C and D inferior chances, of 
which the probability is ^ x^*, A and B will 
be upon equality of chance, and either of 
their probabilities equal to axc^x^. But 
as this circumftance might with equal pro- 
bability have happened to C or D inftead of 
B, it follows, that the fecond part of A's 
probability is equal to ^xaxc^xh Third- 
ly, if B and C, or any other two of the 
players, vfhould happen to come upon equa- 
lity of chance with A, and at the fame time 
the other player be excluded the play, of 
which the probability is 3 x ^' x ^* x r, then 
will A*8 probability be equal to f x 3 x —- x 

xi*xc. Laftly, if B, C,andD, fliouldeach 

happen to throw the fame chance with A^ 

O 2 then 
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then ill that cafe they will all four be upon . 
equality of chance, and A's probability eqwd 
to jx^', confequently A's total probability 
for beating the othef players B, C, and D, is 

exprefled by ^'-{'^^^T + f ^3^^^^^* + 

PROBLEM LXX- 

The other things remaining as in tlie lafl 
problem. Let the number of players be call- 
ed «+i, to determine A's probability of 
beating all his adverfaries. 

Solution. 

The probability that A's chance akeady 
thrown fhall be better than any chance the 
other players (hall happen to throw, is c"". 
That fome one of them fhall come upon 
equality with A, and all the others excluded 
the play, is « x ^ x r»^', which intitles A to 
\ the fum depofited. The probability that 
two of the players may happen to come up- 
on equality of chance with A, and all the 
remaining players excluded the play, h nx 

—' X ^* X i" "-*, which intitles him to j- of 
the fum depofited. Again, the probability 
that three of the players fhall each throw the 

fame 
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fame chance with A, and the others inferior 
chances, is » x ^ x ^ x ^' x ^ *^3 this mul- 
tiplied by J gives A's probability of winning 
the fum depofited, when all the other players 
but three are excluded the play. From hence 
the law of continuation is manifeft, and the 
total probability that A has for winning the 
ium depofited^ will be expreffed hy c"" -{- 

.&c..~. But m order to find 

4 » 

the fum of this feries it may be neceffary to 

obferve, that the fum of the numerators of 
the fraftions that conftitute it, being equal 
to T+i^'y if we put A, B, C, D, &c. for ^", 
nxc^', ^x'^xc"-*, »x'-^'x'^xr— 3 
&c. refpeftively, we fhall have A-{-Bi-\- 
C ^* + D^', ©•(:.... ^ = 7+7». Now let ^ 
be fuppofed to become a flowing quantity, 
and let each fide of the equation be multi- 

• • • 

plied by b, from whence we get A ^ -f" ^ ^ ^ 

and by taking the fluent of the equation there 
arifes A^ + «*: + ^ + ^\Gf...^J± = 

O3 e + i 
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^it^-*-, wherdnby making *«so, wc get 

l-j-^so, which bong e^ddently impoflibk^ 

it appears that there is wanting the conftant 

quantity -j^t to compleat the fluent, wluch 

being added to the feries> and the values ef 
A, B, C, D, (Sc, reftored, we (hall have c^-^- 

2 _. 3 ' * 

c*+" ... c4-^"+* 

^= -; — ; , A's probability is equal tp " --r-" ' / 

PROBLEM LXXI. 

Things ftill remaining as before, let it be 
reqmred to find the number of players neoef- 
laiy to make A's expe^ation the greateft pof- 
fible, fuppofmg that each advmturer ftakes 
a certain fum S. 

S o L u- 
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S O L U T I ON. 

It appears by the concluHon of the la{^ 
problem, that ' . , will expreis 

A's probability for beating all his adverfaries 
whofe number is «, from whence the value 

of hi» expeftation is ^"^ - — ^x «+t 

n-^-i-nb • 

xS, this by the nature <rf the problem muft 

be a m aximum, and therefore the fluxion of 

<r_|-^»+' — ^«+i^ muft be equal to nothing. 

But to get the fluxion thereof; let «+ 1 be 

called X, and put £-4- 3 ^s://, ^=s;r, r*s=±z. 

Now xxLog.da=:iL<^.y^ and xxLog.C^rSi 

Log. Zy wherefore by taking the fluxions of 

thefe equations, we get * x L<^. </= ^, and 
^xl^.rs=6~, c(miequentlyiss>r;rxZ^. 

^ X = izxLog. Cj and therefore the fluxion 

^ . Log. d 

of c-^'b'^^ «-. tf »+« becomes n x "^tfT "^ 

2^^^, which muft be = o, hence I^.^ 

x^H-« 5=-L^. r Xir*+^, whence -rr:- aa 

£^]^ > now put y for the quotient of the 
O 4 hyper- 



200 Tie Laws of Chance. 

hyperbolic logarithm of r, , divided by the 
hyperbolic logarithm of d^ then -(\*+* = q^ 

Eocampk I. 

Suppofe A to have thrown the nymber IX. 
with a pair of common dice, then b^z-f^j 
c=z^y d=z^y ^=,99375, and thence 
«-[- 1 = i6o, confequendy the greateft ad- 
vantage that A can poffibly have will be 
when there are 159 players befides himfcif. 

Example IL 

Suppofe a perfon at play to h^ve fuch a 
chance, that there are only the probability 
^^ for a greater, rh: for thefarae, and f l^f 
for a leffer. Here i = ttt> ^ = T^h ^= 
TTf> whence q = ,99956. and » -f i == 23 1 . 
In this cafe his greateft advantage will be 
when there are 230 players befides himfelf. 

' PROBLEM LXXII. 

Two perfons, A and B, (whofe chances 
for winning any afligned giame are in the 
ratio of a tab) each having a certain num- 
htr (p) Qi guineas, agree to play together 

upon 



« 
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upon theie conditions, viz. that A fliall 
ftake (p) guineas to one each game, and 
that the play fhall continue until either A is 
incapable to fet (p) guineas to one, or elfe 
one of them has loft all his money ; from 
hence it is required to find their refpeftive 
expeftations before they begin to play. 

Solution. 

If A wins the firft game and loles the {€-> 

cond, pf which the probabiUty is ^-^j x ;tj 

the play ends, and A has one guinea left, 

his e3cpeftation in this cafe is i x jp x ^. 

Again, if he (hould happen to win the firft 
and fecond game, and lofe the Aird, the play 
will then terminate, and A will have two 
guineas kft, the probability that this circunj- 

ftance takes place is £ryt x jr;, whence 2 x 
=; X qrj is his expedtation. If the play is 

fuppofed to terminate at the end of four 
games, die value of A*s expeftation will in 

that cafe be equal to 4fi x ^ x 3, and if A 

happens to win four games fucceflively and 

loles the fifth, his expeftation will be ^^ 
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X 4:^X4, from hence the law of condmis* 
tion is mamfeft, and by putting ~ =a:, 

we (hall have A's expectation upcm winning 
fucceffively i, 2, 3,. 4, &(. to;?— i ^ames, 
and Ic^ng the next following, which tenni- 
nates the play, equal to x-|-2x*-f 3*;*^ 

4 af *, eff. . . . ^— I X «^' into ;p, to this add 

A's expe^adon upon winning^ times fuc* 
ceflively, wz. 2pxx*, and the fiim is his 

total expeftation, equal to 2p^x'-\-~ 

xx+2x*4- 3**71-4**, &c. j>— I X 

xf-'» But to find dw Sam of x-^ntx*-^ 
3 *' 4. 4**, ©V:. . . .^— I X ;('-'. Id the fian 
of «4"**+*' 4"**» ®<'' • ••*'"'> be fcNia4 
which being a geometrical pro^re^ioo, w« 
have x.+x" + «' +**, &c xf-' ars 

~^f and by taking the fluxiisi of each fids 
the equation we get * + 2Ar*4'3^*'+4*' 

. «; i — *«^-';r4- 

I— X 

^ •: * , divide each fide of the equation 

1— X 

by *, and multiply the whole hy «» there 
arifesx-f2*A? + 3*' + 4«*>G'f' . . ^— i 

X 
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X 



_- ^x'4-/-.iy/+' 



xx^' _i ~ — ^ —I— t ■ , which be- 

Jng mi^pli«d by ^y and Ae pcodua 

added to 2/ x x», the fum, by rcftOTin^ the 

value of jc, will be equal to ^^T + V" "" 

*xtf» , * — ixtfZ-H ., , „ 
~-^-t L + -■ — ,p , > As total expe«a- 

tion before they begin to play, which fub- 
trafted from 2p leaves B's. 

If a=:ij A's expeftation becomes ^'^'p - 
«riB-s^'''^'-f'+'-^. 

Example I. 

A and B each having three guineas, play 
together with a pair of common dice, A a- 
grees to give B three guineas if the aces come 
up the firft throw, or to receive one guinea 
of B in cafe VIL comes up at that throw, 
and fo to continue the play according to the 
conditions mentioned in the problems to 
determine their refpci^ive expectations upon 
this agreement Here/ =3, ^7=6, ^=1, 
whence A's expedlation becomes 4,f~- gui- 
neas, and B's i, j-~f guineas. 

Example 
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Example II. 

If A and B play together upon equality of 
ikill, each having ten guineas } what are the 
relpeftive values of their expectations ? Here 
<z=^=i,/=io, vtrhence A's expeflation 
is v^rorth no more than i,7fs-> but Fs is 
worth i8,ifi guineas. 
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